
Practica 8
Puntos Críticos

y
Clasificación.
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Problema 1

a)

b)

c)

Ejercicio 1

Para las siguientes funciones encuentre sus puntos 
críticos locales y clasifíquelos.

f(x, y) =
1

x2 + y2 − 1

f(x, y) = x2 + 3xy + 3y2 − 6x + 3y − 6

f(x, y) = x2 + xy + y2 − 3y + 4
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Valor del mínimo

a)

 Section 14.7 Extreme Values and Saddle Points 897

56. u e , u xe sin z, u y cos z  du e  dx xe sin z  dy (y cos z) dzx y z
y y y y

œ œ ! œ Ê œ ! ! !a b
  du 3 dx 7 dy 0 dz 3 dx 7 dy  magnitude of the maximum possible errorÊ œ ! ! œ ! Êk 2 ln 3ß ß 2

 3(0.2) 7(0.6) 4.8Ÿ ! œ

57. Q , Q , and QK M hœ œ œ
" " " !

# # #

!"Î# !"Î# !"Î#ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰2KM 2M 2KM 2K 2KM 2KM
h h h h h h

  dQ dK  dM  dhÊ œ ! !
" " " !

# # #

!"Î# !"Î# !"Î#ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰2KM 2M 2KM 2K 2KM 2KM
h h h h h h

  dK  dM  dh   dQœ ! " Ê
"

#

!"Î#ˆ ‰ ! ‘ k2KM 2M 2K 2KM
h h h h 2 20 0 0.05

  dK  dM  dh (0.0125)(800 dK 80 dM 32,000 dh)œ ! " œ ! "
"

#

!"Î#

’ “ ’ “(2)(2)(20) (2)(20) (2)(2) (2)(2)(20)
0.05 0.05 0.05 (0.05)

  Q is most sensitive to changes in hÊ

58. A ab sin C  A b sin C, A a sin C, A ab cos Cœ Ê œ œ œ
" " " "

# # # #
a b c

  dA b sin C  da a sin C  db ab cos C  dC; dC 2° 0.0349  radians, da 0.5  ft,Ê œ ! ! œ œ œˆ ‰ ˆ ‰ ˆ ‰ k k k k k k" " "

# # #

 db 0.5  ft; at a 150 ft, b 200 ft, and C 60°, we see that the change is approximatelyœ œ œ œk k
 dA (200)(sin 60°) 0.5 (150)(sin 60°) 0.5 (200)(150)(cos 60°) 0.0349 338 ftœ ! ! œ „

" " "

# # #

#k k k k k k

59. z f(x y)  g(x y z) f(x y) z 0  g (x y z) f (x y), g (x y z) f (x y) and g (x y z) 1œ ß Ê ß ß œ ß " œ Ê ß ß œ ß ß ß œ ß ß ß œ "x x y y z

  g (x y f(x y )) f (x y ), g (x y f(x y )) f (x y ) and g (x y f(x y )) 1  the tangentÊ ß ß ß œ ß ß ß ß œ ß ß ß ß œ " Êx x y y z! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !

 plane at the point P  is f (x y )(x x ) f (x y )(y y ) [z f(x y )] 0 or! ! ! ! ! ! ! ! !x yß " ! ß " " " ß œ

 z f (x y )(x x ) f (x y )(y y ) f(x y )œ ß " ! ß " ! ßx y! ! ! ! ! ! ! !

60. f 2x 2y 2(cos t t sin t) 2(sin t t cos t)  and (t cos t) (t sin t)   ™ œ ! œ ! ! " œ ! Ê œi j i j v i j u v
vk k

 (cos t) (sin t)  since t 0  (D f) fœ œ ! # Ê œ
(t cos t) (t sin t)
(t cos t) (t sin t) P

i j
u

"

"È i j u™ †

 2(cos t t sin t)(cos t) 2(sin t t cos t)(sin t) 2œ ! ! " œ

61. f 2x 2y 2z (2 cos t) (2 sin t) 2t  and ( sin t) (cos t)   ™ œ ! ! œ ! ! œ " ! ! Ê œi j k i j k v i j k u v
vk k

   (D f) fœ œ ! ! Ê œ
( sin t) (cos t)

(sin t) (cos t) 1
sin t cos t

2 2 2 P
! " "

" "

! "i j k
uÈ È È ÈŠ ‹ Š ‹i j k u™ †

 (2 cos t) (2 sin t) (2t)   (D f) , (D f)(0) 0 andœ ! ! œ Ê œ œŠ ‹ Š ‹ Š ‹ ˆ ‰! " ! !sin t cos t 2t
2 2 2 2 2 24È È È È Èu u

1 1

 (D f)u ˆ ‰1 1

4 2 2
œ È

62. r t t (t 3)   t t ; t 1  x 1, y 1, z 1  P (1 1 1)œ ! " ! Ê œ ! " œ Ê œ œ œ " Ê œ ß ß"È Èi j k v i j k" " " "

# #

!"Î# !"Î#

!4 4

 and (1) ; f(x y z) x y z 3 0 f 2x 2yv i j k i j kœ ! " ß ß œ ! " " œ Ê œ ! "
" " "

# #

# #

4 ™

  f(1 1 1) 2 2 ; therefore ( f)  the curve is normal to the surfaceÊ ß ß" œ ! " œ Ê™ ™i j k v "

4

63. r t t (2t 1)   t t 2 ; t 1  x 1, y 1, z 1  P (1 1 1) andœ ! ! " Ê œ ! ! œ Ê œ œ œ Ê œ ß ßÈ Èi j k v i j k" "

# #

!"Î# !"Î#

!

 (1) 2 ; f(x y z) x y z 1 0  f 2x 2y   f(1 1 1) 2 2 ;v i j k i j k i j kœ ! ! ß ß œ ! " " œ Ê œ ! " Ê ß ß œ ! "
" "

# #

# #
™ ™

 now 1 f 1 1 1 0, thus the curve is tangent to the surface when t 1va b a b† ™ ß ß œ œ

14.7  EXTREME VALUES AND SADDLE POINTS

 1. f (x y) 2x y 3 0 and f (x y) x 2y 3 0  x 3 and y 3  critical point is ( 3 3);x yß œ ! ! œ ß œ ! " œ Ê œ " œ Ê " ß

 f ( 3 3) 2, f ( 3 3) 2, f ( 3 3) 1  f f f 3 0 and f 0  local minimum ofxx yy xy xx yy xxxy" ß œ " ß œ " ß œ Ê " œ # # Ê
#

 f( 3 3) 5" ß œ "

∇f(x, y) = 0

f(x, y) = x2 + xy + y2 − 3y + 4

 Section 14.7 Extreme Values and Saddle Points 897

56. u e , u xe sin z, u y cos z  du e  dx xe sin z  dy (y cos z) dzx y z
y y y y

œ œ ! œ Ê œ ! ! !a b
  du 3 dx 7 dy 0 dz 3 dx 7 dy  magnitude of the maximum possible errorÊ œ ! ! œ ! Êk 2 ln 3ß ß 2

 3(0.2) 7(0.6) 4.8Ÿ ! œ

57. Q , Q , and QK M hœ œ œ
" " " !

# # #

!"Î# !"Î# !"Î#ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰2KM 2M 2KM 2K 2KM 2KM
h h h h h h

  dQ dK  dM  dhÊ œ ! !
" " " !

# # #

!"Î# !"Î# !"Î#ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰2KM 2M 2KM 2K 2KM 2KM
h h h h h h

  dK  dM  dh   dQœ ! " Ê
"

#

!"Î#ˆ ‰ ! ‘ k2KM 2M 2K 2KM
h h h h 2 20 0 0.05

  dK  dM  dh (0.0125)(800 dK 80 dM 32,000 dh)œ ! " œ ! "
"

#

!"Î#

’ “ ’ “(2)(2)(20) (2)(20) (2)(2) (2)(2)(20)
0.05 0.05 0.05 (0.05)

  Q is most sensitive to changes in hÊ

58. A ab sin C  A b sin C, A a sin C, A ab cos Cœ Ê œ œ œ
" " " "

# # # #
a b c

  dA b sin C  da a sin C  db ab cos C  dC; dC 2° 0.0349  radians, da 0.5  ft,Ê œ ! ! œ œ œˆ ‰ ˆ ‰ ˆ ‰ k k k k k k" " "

# # #

 db 0.5  ft; at a 150 ft, b 200 ft, and C 60°, we see that the change is approximatelyœ œ œ œk k
 dA (200)(sin 60°) 0.5 (150)(sin 60°) 0.5 (200)(150)(cos 60°) 0.0349 338 ftœ ! ! œ „

" " "

# # #

#k k k k k k

59. z f(x y)  g(x y z) f(x y) z 0  g (x y z) f (x y), g (x y z) f (x y) and g (x y z) 1œ ß Ê ß ß œ ß " œ Ê ß ß œ ß ß ß œ ß ß ß œ "x x y y z

  g (x y f(x y )) f (x y ), g (x y f(x y )) f (x y ) and g (x y f(x y )) 1  the tangentÊ ß ß ß œ ß ß ß ß œ ß ß ß ß œ " Êx x y y z! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !

 plane at the point P  is f (x y )(x x ) f (x y )(y y ) [z f(x y )] 0 or! ! ! ! ! ! ! ! !x yß " ! ß " " " ß œ

 z f (x y )(x x ) f (x y )(y y ) f(x y )œ ß " ! ß " ! ßx y! ! ! ! ! ! ! !

60. f 2x 2y 2(cos t t sin t) 2(sin t t cos t)  and (t cos t) (t sin t)   ™ œ ! œ ! ! " œ ! Ê œi j i j v i j u v
vk k

 (cos t) (sin t)  since t 0  (D f) fœ œ ! # Ê œ
(t cos t) (t sin t)
(t cos t) (t sin t) P

i j
u

"

"È i j u™ †

 2(cos t t sin t)(cos t) 2(sin t t cos t)(sin t) 2œ ! ! " œ

61. f 2x 2y 2z (2 cos t) (2 sin t) 2t  and ( sin t) (cos t)   ™ œ ! ! œ ! ! œ " ! ! Ê œi j k i j k v i j k u v
vk k

   (D f) fœ œ ! ! Ê œ
( sin t) (cos t)

(sin t) (cos t) 1
sin t cos t

2 2 2 P
! " "

" "

! "i j k
uÈ È È ÈŠ ‹ Š ‹i j k u™ †

 (2 cos t) (2 sin t) (2t)   (D f) , (D f)(0) 0 andœ ! ! œ Ê œ œŠ ‹ Š ‹ Š ‹ ˆ ‰! " ! !sin t cos t 2t
2 2 2 2 2 24È È È È Èu u

1 1

 (D f)u ˆ ‰1 1

4 2 2
œ È

62. r t t (t 3)   t t ; t 1  x 1, y 1, z 1  P (1 1 1)œ ! " ! Ê œ ! " œ Ê œ œ œ " Ê œ ß ß"È Èi j k v i j k" " " "

# #

!"Î# !"Î#

!4 4

 and (1) ; f(x y z) x y z 3 0 f 2x 2yv i j k i j kœ ! " ß ß œ ! " " œ Ê œ ! "
" " "

# #

# #

4 ™

  f(1 1 1) 2 2 ; therefore ( f)  the curve is normal to the surfaceÊ ß ß" œ ! " œ Ê™ ™i j k v "

4

63. r t t (2t 1)   t t 2 ; t 1  x 1, y 1, z 1  P (1 1 1) andœ ! ! " Ê œ ! ! œ Ê œ œ œ Ê œ ß ßÈ Èi j k v i j k" "

# #

!"Î# !"Î#

!

 (1) 2 ; f(x y z) x y z 1 0  f 2x 2y   f(1 1 1) 2 2 ;v i j k i j k i j kœ ! ! ß ß œ ! " " œ Ê œ ! " Ê ß ß œ ! "
" "

# #

# #
™ ™

 now 1 f 1 1 1 0, thus the curve is tangent to the surface when t 1va b a b† ™ ß ß œ œ

14.7  EXTREME VALUES AND SADDLE POINTS

 1. f (x y) 2x y 3 0 and f (x y) x 2y 3 0  x 3 and y 3  critical point is ( 3 3);x yß œ ! ! œ ß œ ! " œ Ê œ " œ Ê " ß

 f ( 3 3) 2, f ( 3 3) 2, f ( 3 3) 1  f f f 3 0 and f 0  local minimum ofxx yy xy xx yy xxxy" ß œ " ß œ " ß œ Ê " œ # # Ê
#

 f( 3 3) 5" ß œ "

(−3, 3)

 Section 14.7 Extreme Values and Saddle Points 897

56. u e , u xe sin z, u y cos z  du e  dx xe sin z  dy (y cos z) dzx y z
y y y y

œ œ ! œ Ê œ ! ! !a b
  du 3 dx 7 dy 0 dz 3 dx 7 dy  magnitude of the maximum possible errorÊ œ ! ! œ ! Êk 2 ln 3ß ß 2

 3(0.2) 7(0.6) 4.8Ÿ ! œ

57. Q , Q , and QK M hœ œ œ
" " " !

# # #

!"Î# !"Î# !"Î#ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰2KM 2M 2KM 2K 2KM 2KM
h h h h h h

  dQ dK  dM  dhÊ œ ! !
" " " !

# # #

!"Î# !"Î# !"Î#ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰2KM 2M 2KM 2K 2KM 2KM
h h h h h h

  dK  dM  dh   dQœ ! " Ê
"

#

!"Î#ˆ ‰ ! ‘ k2KM 2M 2K 2KM
h h h h 2 20 0 0.05

  dK  dM  dh (0.0125)(800 dK 80 dM 32,000 dh)œ ! " œ ! "
"

#

!"Î#

’ “ ’ “(2)(2)(20) (2)(20) (2)(2) (2)(2)(20)
0.05 0.05 0.05 (0.05)

  Q is most sensitive to changes in hÊ

58. A ab sin C  A b sin C, A a sin C, A ab cos Cœ Ê œ œ œ
" " " "

# # # #
a b c

  dA b sin C  da a sin C  db ab cos C  dC; dC 2° 0.0349  radians, da 0.5  ft,Ê œ ! ! œ œ œˆ ‰ ˆ ‰ ˆ ‰ k k k k k k" " "

# # #

 db 0.5  ft; at a 150 ft, b 200 ft, and C 60°, we see that the change is approximatelyœ œ œ œk k
 dA (200)(sin 60°) 0.5 (150)(sin 60°) 0.5 (200)(150)(cos 60°) 0.0349 338 ftœ ! ! œ „

" " "

# # #

#k k k k k k

59. z f(x y)  g(x y z) f(x y) z 0  g (x y z) f (x y), g (x y z) f (x y) and g (x y z) 1œ ß Ê ß ß œ ß " œ Ê ß ß œ ß ß ß œ ß ß ß œ "x x y y z

  g (x y f(x y )) f (x y ), g (x y f(x y )) f (x y ) and g (x y f(x y )) 1  the tangentÊ ß ß ß œ ß ß ß ß œ ß ß ß ß œ " Êx x y y z! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !

 plane at the point P  is f (x y )(x x ) f (x y )(y y ) [z f(x y )] 0 or! ! ! ! ! ! ! ! !x yß " ! ß " " " ß œ

 z f (x y )(x x ) f (x y )(y y ) f(x y )œ ß " ! ß " ! ßx y! ! ! ! ! ! ! !

60. f 2x 2y 2(cos t t sin t) 2(sin t t cos t)  and (t cos t) (t sin t)   ™ œ ! œ ! ! " œ ! Ê œi j i j v i j u v
vk k

 (cos t) (sin t)  since t 0  (D f) fœ œ ! # Ê œ
(t cos t) (t sin t)
(t cos t) (t sin t) P

i j
u

"

"È i j u™ †

 2(cos t t sin t)(cos t) 2(sin t t cos t)(sin t) 2œ ! ! " œ

61. f 2x 2y 2z (2 cos t) (2 sin t) 2t  and ( sin t) (cos t)   ™ œ ! ! œ ! ! œ " ! ! Ê œi j k i j k v i j k u v
vk k

   (D f) fœ œ ! ! Ê œ
( sin t) (cos t)

(sin t) (cos t) 1
sin t cos t

2 2 2 P
! " "

" "

! "i j k
uÈ È È ÈŠ ‹ Š ‹i j k u™ †

 (2 cos t) (2 sin t) (2t)   (D f) , (D f)(0) 0 andœ ! ! œ Ê œ œŠ ‹ Š ‹ Š ‹ ˆ ‰! " ! !sin t cos t 2t
2 2 2 2 2 24È È È È Èu u

1 1

 (D f)u ˆ ‰1 1

4 2 2
œ È

62. r t t (t 3)   t t ; t 1  x 1, y 1, z 1  P (1 1 1)œ ! " ! Ê œ ! " œ Ê œ œ œ " Ê œ ß ß"È Èi j k v i j k" " " "

# #

!"Î# !"Î#

!4 4

 and (1) ; f(x y z) x y z 3 0 f 2x 2yv i j k i j kœ ! " ß ß œ ! " " œ Ê œ ! "
" " "

# #

# #

4 ™

  f(1 1 1) 2 2 ; therefore ( f)  the curve is normal to the surfaceÊ ß ß" œ ! " œ Ê™ ™i j k v "

4

63. r t t (2t 1)   t t 2 ; t 1  x 1, y 1, z 1  P (1 1 1) andœ ! ! " Ê œ ! ! œ Ê œ œ œ Ê œ ß ßÈ Èi j k v i j k" "

# #

!"Î# !"Î#

!

 (1) 2 ; f(x y z) x y z 1 0  f 2x 2y   f(1 1 1) 2 2 ;v i j k i j k i j kœ ! ! ß ß œ ! " " œ Ê œ ! " Ê ß ß œ ! "
" "

# #

# #
™ ™

 now 1 f 1 1 1 0, thus the curve is tangent to the surface when t 1va b a b† ™ ß ß œ œ

14.7  EXTREME VALUES AND SADDLE POINTS

 1. f (x y) 2x y 3 0 and f (x y) x 2y 3 0  x 3 and y 3  critical point is ( 3 3);x yß œ ! ! œ ß œ ! " œ Ê œ " œ Ê " ß

 f ( 3 3) 2, f ( 3 3) 2, f ( 3 3) 1  f f f 3 0 and f 0  local minimum ofxx yy xy xx yy xxxy" ß œ " ß œ " ß œ Ê " œ # # Ê
#

 f( 3 3) 5" ß œ "

 Section 14.7 Extreme Values and Saddle Points 897

56. u e , u xe sin z, u y cos z  du e  dx xe sin z  dy (y cos z) dzx y z
y y y y

œ œ ! œ Ê œ ! ! !a b
  du 3 dx 7 dy 0 dz 3 dx 7 dy  magnitude of the maximum possible errorÊ œ ! ! œ ! Êk 2 ln 3ß ß 2

 3(0.2) 7(0.6) 4.8Ÿ ! œ
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!"Î#
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  Q is most sensitive to changes in hÊ
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# # # #
a b c
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# # #

 db 0.5  ft; at a 150 ft, b 200 ft, and C 60°, we see that the change is approximatelyœ œ œ œk k
 dA (200)(sin 60°) 0.5 (150)(sin 60°) 0.5 (200)(150)(cos 60°) 0.0349 338 ftœ ! ! œ „

" " "

# # #

#k k k k k k

59. z f(x y)  g(x y z) f(x y) z 0  g (x y z) f (x y), g (x y z) f (x y) and g (x y z) 1œ ß Ê ß ß œ ß " œ Ê ß ß œ ß ß ß œ ß ß ß œ "x x y y z

  g (x y f(x y )) f (x y ), g (x y f(x y )) f (x y ) and g (x y f(x y )) 1  the tangentÊ ß ß ß œ ß ß ß ß œ ß ß ß ß œ " Êx x y y z! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !
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4 ™

  f(1 1 1) 2 2 ; therefore ( f)  the curve is normal to the surfaceÊ ß ß" œ ! " œ Ê™ ™i j k v "
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# #
™ ™

 now 1 f 1 1 1 0, thus the curve is tangent to the surface when t 1va b a b† ™ ß ß œ œ

14.7  EXTREME VALUES AND SADDLE POINTS

 1. f (x y) 2x y 3 0 and f (x y) x 2y 3 0  x 3 and y 3  critical point is ( 3 3);x yß œ ! ! œ ß œ ! " œ Ê œ " œ Ê " ß

 f ( 3 3) 2, f ( 3 3) 2, f ( 3 3) 1  f f f 3 0 and f 0  local minimum ofxx yy xy xx yy xxxy" ß œ " ß œ " ß œ Ê " œ # # Ê
#

 f( 3 3) 5" ß œ "
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56. u e , u xe sin z, u y cos z  du e  dx xe sin z  dy (y cos z) dzx y z
y y y y

œ œ ! œ Ê œ ! ! !a b
  du 3 dx 7 dy 0 dz 3 dx 7 dy  magnitude of the maximum possible errorÊ œ ! ! œ ! Êk 2 ln 3ß ß 2

 3(0.2) 7(0.6) 4.8Ÿ ! œ

57. Q , Q , and QK M hœ œ œ
" " " !

# # #

!"Î# !"Î# !"Î#ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰2KM 2M 2KM 2K 2KM 2KM
h h h h h h

  dQ dK  dM  dhÊ œ ! !
" " " !

# # #

!"Î# !"Î# !"Î#ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰2KM 2M 2KM 2K 2KM 2KM
h h h h h h

  dK  dM  dh   dQœ ! " Ê
"

#

!"Î#ˆ ‰ ! ‘ k2KM 2M 2K 2KM
h h h h 2 20 0 0.05

  dK  dM  dh (0.0125)(800 dK 80 dM 32,000 dh)œ ! " œ ! "
"

#

!"Î#

’ “ ’ “(2)(2)(20) (2)(20) (2)(2) (2)(2)(20)
0.05 0.05 0.05 (0.05)

  Q is most sensitive to changes in hÊ

58. A ab sin C  A b sin C, A a sin C, A ab cos Cœ Ê œ œ œ
" " " "

# # # #
a b c

  dA b sin C  da a sin C  db ab cos C  dC; dC 2° 0.0349  radians, da 0.5  ft,Ê œ ! ! œ œ œˆ ‰ ˆ ‰ ˆ ‰ k k k k k k" " "

# # #

 db 0.5  ft; at a 150 ft, b 200 ft, and C 60°, we see that the change is approximatelyœ œ œ œk k
 dA (200)(sin 60°) 0.5 (150)(sin 60°) 0.5 (200)(150)(cos 60°) 0.0349 338 ftœ ! ! œ „

" " "

# # #

#k k k k k k

59. z f(x y)  g(x y z) f(x y) z 0  g (x y z) f (x y), g (x y z) f (x y) and g (x y z) 1œ ß Ê ß ß œ ß " œ Ê ß ß œ ß ß ß œ ß ß ß œ "x x y y z

  g (x y f(x y )) f (x y ), g (x y f(x y )) f (x y ) and g (x y f(x y )) 1  the tangentÊ ß ß ß œ ß ß ß ß œ ß ß ß ß œ " Êx x y y z! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !

 plane at the point P  is f (x y )(x x ) f (x y )(y y ) [z f(x y )] 0 or! ! ! ! ! ! ! ! !x yß " ! ß " " " ß œ

 z f (x y )(x x ) f (x y )(y y ) f(x y )œ ß " ! ß " ! ßx y! ! ! ! ! ! ! !

60. f 2x 2y 2(cos t t sin t) 2(sin t t cos t)  and (t cos t) (t sin t)   ™ œ ! œ ! ! " œ ! Ê œi j i j v i j u v
vk k

 (cos t) (sin t)  since t 0  (D f) fœ œ ! # Ê œ
(t cos t) (t sin t)
(t cos t) (t sin t) P

i j
u

"

"È i j u™ †

 2(cos t t sin t)(cos t) 2(sin t t cos t)(sin t) 2œ ! ! " œ

61. f 2x 2y 2z (2 cos t) (2 sin t) 2t  and ( sin t) (cos t)   ™ œ ! ! œ ! ! œ " ! ! Ê œi j k i j k v i j k u v
vk k

   (D f) fœ œ ! ! Ê œ
( sin t) (cos t)

(sin t) (cos t) 1
sin t cos t

2 2 2 P
! " "

" "

! "i j k
uÈ È È ÈŠ ‹ Š ‹i j k u™ †

 (2 cos t) (2 sin t) (2t)   (D f) , (D f)(0) 0 andœ ! ! œ Ê œ œŠ ‹ Š ‹ Š ‹ ˆ ‰! " ! !sin t cos t 2t
2 2 2 2 2 24È È È È Èu u

1 1

 (D f)u ˆ ‰1 1

4 2 2
œ È

62. r t t (t 3)   t t ; t 1  x 1, y 1, z 1  P (1 1 1)œ ! " ! Ê œ ! " œ Ê œ œ œ " Ê œ ß ß"È Èi j k v i j k" " " "

# #

!"Î# !"Î#

!4 4

 and (1) ; f(x y z) x y z 3 0 f 2x 2yv i j k i j kœ ! " ß ß œ ! " " œ Ê œ ! "
" " "

# #

# #

4 ™

  f(1 1 1) 2 2 ; therefore ( f)  the curve is normal to the surfaceÊ ß ß" œ ! " œ Ê™ ™i j k v "

4

63. r t t (2t 1)   t t 2 ; t 1  x 1, y 1, z 1  P (1 1 1) andœ ! ! " Ê œ ! ! œ Ê œ œ œ Ê œ ß ßÈ Èi j k v i j k" "

# #

!"Î# !"Î#

!

 (1) 2 ; f(x y z) x y z 1 0  f 2x 2y   f(1 1 1) 2 2 ;v i j k i j k i j kœ ! ! ß ß œ ! " " œ Ê œ ! " Ê ß ß œ ! "
" "

# #

# #
™ ™

 now 1 f 1 1 1 0, thus the curve is tangent to the surface when t 1va b a b† ™ ß ß œ œ

14.7  EXTREME VALUES AND SADDLE POINTS

 1. f (x y) 2x y 3 0 and f (x y) x 2y 3 0  x 3 and y 3  critical point is ( 3 3);x yß œ ! ! œ ß œ ! " œ Ê œ " œ Ê " ß

 f ( 3 3) 2, f ( 3 3) 2, f ( 3 3) 1  f f f 3 0 and f 0  local minimum ofxx yy xy xx yy xxxy" ß œ " ß œ " ß œ Ê " œ # # Ê
#

 f( 3 3) 5" ß œ "
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56. u e , u xe sin z, u y cos z  du e  dx xe sin z  dy (y cos z) dzx y z
y y y y

œ œ ! œ Ê œ ! ! !a b
  du 3 dx 7 dy 0 dz 3 dx 7 dy  magnitude of the maximum possible errorÊ œ ! ! œ ! Êk 2 ln 3ß ß 2

 3(0.2) 7(0.6) 4.8Ÿ ! œ

57. Q , Q , and QK M hœ œ œ
" " " !

# # #

!"Î# !"Î# !"Î#ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰2KM 2M 2KM 2K 2KM 2KM
h h h h h h

  dQ dK  dM  dhÊ œ ! !
" " " !

# # #

!"Î# !"Î# !"Î#ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰2KM 2M 2KM 2K 2KM 2KM
h h h h h h

  dK  dM  dh   dQœ ! " Ê
"

#

!"Î#ˆ ‰ ! ‘ k2KM 2M 2K 2KM
h h h h 2 20 0 0.05

  dK  dM  dh (0.0125)(800 dK 80 dM 32,000 dh)œ ! " œ ! "
"

#

!"Î#

’ “ ’ “(2)(2)(20) (2)(20) (2)(2) (2)(2)(20)
0.05 0.05 0.05 (0.05)

  Q is most sensitive to changes in hÊ

58. A ab sin C  A b sin C, A a sin C, A ab cos Cœ Ê œ œ œ
" " " "

# # # #
a b c

  dA b sin C  da a sin C  db ab cos C  dC; dC 2° 0.0349  radians, da 0.5  ft,Ê œ ! ! œ œ œˆ ‰ ˆ ‰ ˆ ‰ k k k k k k" " "

# # #

 db 0.5  ft; at a 150 ft, b 200 ft, and C 60°, we see that the change is approximatelyœ œ œ œk k
 dA (200)(sin 60°) 0.5 (150)(sin 60°) 0.5 (200)(150)(cos 60°) 0.0349 338 ftœ ! ! œ „

" " "

# # #

#k k k k k k

59. z f(x y)  g(x y z) f(x y) z 0  g (x y z) f (x y), g (x y z) f (x y) and g (x y z) 1œ ß Ê ß ß œ ß " œ Ê ß ß œ ß ß ß œ ß ß ß œ "x x y y z

  g (x y f(x y )) f (x y ), g (x y f(x y )) f (x y ) and g (x y f(x y )) 1  the tangentÊ ß ß ß œ ß ß ß ß œ ß ß ß ß œ " Êx x y y z! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !

 plane at the point P  is f (x y )(x x ) f (x y )(y y ) [z f(x y )] 0 or! ! ! ! ! ! ! ! !x yß " ! ß " " " ß œ

 z f (x y )(x x ) f (x y )(y y ) f(x y )œ ß " ! ß " ! ßx y! ! ! ! ! ! ! !

60. f 2x 2y 2(cos t t sin t) 2(sin t t cos t)  and (t cos t) (t sin t)   ™ œ ! œ ! ! " œ ! Ê œi j i j v i j u v
vk k

 (cos t) (sin t)  since t 0  (D f) fœ œ ! # Ê œ
(t cos t) (t sin t)
(t cos t) (t sin t) P

i j
u

"

"È i j u™ †

 2(cos t t sin t)(cos t) 2(sin t t cos t)(sin t) 2œ ! ! " œ

61. f 2x 2y 2z (2 cos t) (2 sin t) 2t  and ( sin t) (cos t)   ™ œ ! ! œ ! ! œ " ! ! Ê œi j k i j k v i j k u v
vk k

   (D f) fœ œ ! ! Ê œ
( sin t) (cos t)

(sin t) (cos t) 1
sin t cos t

2 2 2 P
! " "

" "

! "i j k
uÈ È È ÈŠ ‹ Š ‹i j k u™ †

 (2 cos t) (2 sin t) (2t)   (D f) , (D f)(0) 0 andœ ! ! œ Ê œ œŠ ‹ Š ‹ Š ‹ ˆ ‰! " ! !sin t cos t 2t
2 2 2 2 2 24È È È È Èu u

1 1

 (D f)u ˆ ‰1 1

4 2 2
œ È

62. r t t (t 3)   t t ; t 1  x 1, y 1, z 1  P (1 1 1)œ ! " ! Ê œ ! " œ Ê œ œ œ " Ê œ ß ß"È Èi j k v i j k" " " "

# #

!"Î# !"Î#

!4 4

 and (1) ; f(x y z) x y z 3 0 f 2x 2yv i j k i j kœ ! " ß ß œ ! " " œ Ê œ ! "
" " "

# #

# #

4 ™

  f(1 1 1) 2 2 ; therefore ( f)  the curve is normal to the surfaceÊ ß ß" œ ! " œ Ê™ ™i j k v "

4

63. r t t (2t 1)   t t 2 ; t 1  x 1, y 1, z 1  P (1 1 1) andœ ! ! " Ê œ ! ! œ Ê œ œ œ Ê œ ß ßÈ Èi j k v i j k" "

# #

!"Î# !"Î#

!

 (1) 2 ; f(x y z) x y z 1 0  f 2x 2y   f(1 1 1) 2 2 ;v i j k i j k i j kœ ! ! ß ß œ ! " " œ Ê œ ! " Ê ß ß œ ! "
" "

# #

# #
™ ™

 now 1 f 1 1 1 0, thus the curve is tangent to the surface when t 1va b a b† ™ ß ß œ œ

14.7  EXTREME VALUES AND SADDLE POINTS

 1. f (x y) 2x y 3 0 and f (x y) x 2y 3 0  x 3 and y 3  critical point is ( 3 3);x yß œ ! ! œ ß œ ! " œ Ê œ " œ Ê " ß

 f ( 3 3) 2, f ( 3 3) 2, f ( 3 3) 1  f f f 3 0 and f 0  local minimum ofxx yy xy xx yy xxxy" ß œ " ß œ " ß œ Ê " œ # # Ê
#

 f( 3 3) 5" ß œ "
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56. u e , u xe sin z, u y cos z  du e  dx xe sin z  dy (y cos z) dzx y z
y y y y

œ œ ! œ Ê œ ! ! !a b
  du 3 dx 7 dy 0 dz 3 dx 7 dy  magnitude of the maximum possible errorÊ œ ! ! œ ! Êk 2 ln 3ß ß 2

 3(0.2) 7(0.6) 4.8Ÿ ! œ

57. Q , Q , and QK M hœ œ œ
" " " !

# # #

!"Î# !"Î# !"Î#ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰2KM 2M 2KM 2K 2KM 2KM
h h h h h h

  dQ dK  dM  dhÊ œ ! !
" " " !

# # #

!"Î# !"Î# !"Î#ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰2KM 2M 2KM 2K 2KM 2KM
h h h h h h

  dK  dM  dh   dQœ ! " Ê
"

#

!"Î#ˆ ‰ ! ‘ k2KM 2M 2K 2KM
h h h h 2 20 0 0.05

  dK  dM  dh (0.0125)(800 dK 80 dM 32,000 dh)œ ! " œ ! "
"

#

!"Î#

’ “ ’ “(2)(2)(20) (2)(20) (2)(2) (2)(2)(20)
0.05 0.05 0.05 (0.05)

  Q is most sensitive to changes in hÊ

58. A ab sin C  A b sin C, A a sin C, A ab cos Cœ Ê œ œ œ
" " " "

# # # #
a b c

  dA b sin C  da a sin C  db ab cos C  dC; dC 2° 0.0349  radians, da 0.5  ft,Ê œ ! ! œ œ œˆ ‰ ˆ ‰ ˆ ‰ k k k k k k" " "

# # #

 db 0.5  ft; at a 150 ft, b 200 ft, and C 60°, we see that the change is approximatelyœ œ œ œk k
 dA (200)(sin 60°) 0.5 (150)(sin 60°) 0.5 (200)(150)(cos 60°) 0.0349 338 ftœ ! ! œ „

" " "

# # #

#k k k k k k

59. z f(x y)  g(x y z) f(x y) z 0  g (x y z) f (x y), g (x y z) f (x y) and g (x y z) 1œ ß Ê ß ß œ ß " œ Ê ß ß œ ß ß ß œ ß ß ß œ "x x y y z

  g (x y f(x y )) f (x y ), g (x y f(x y )) f (x y ) and g (x y f(x y )) 1  the tangentÊ ß ß ß œ ß ß ß ß œ ß ß ß ß œ " Êx x y y z! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !

 plane at the point P  is f (x y )(x x ) f (x y )(y y ) [z f(x y )] 0 or! ! ! ! ! ! ! ! !x yß " ! ß " " " ß œ

 z f (x y )(x x ) f (x y )(y y ) f(x y )œ ß " ! ß " ! ßx y! ! ! ! ! ! ! !

60. f 2x 2y 2(cos t t sin t) 2(sin t t cos t)  and (t cos t) (t sin t)   ™ œ ! œ ! ! " œ ! Ê œi j i j v i j u v
vk k

 (cos t) (sin t)  since t 0  (D f) fœ œ ! # Ê œ
(t cos t) (t sin t)
(t cos t) (t sin t) P

i j
u

"

"È i j u™ †

 2(cos t t sin t)(cos t) 2(sin t t cos t)(sin t) 2œ ! ! " œ

61. f 2x 2y 2z (2 cos t) (2 sin t) 2t  and ( sin t) (cos t)   ™ œ ! ! œ ! ! œ " ! ! Ê œi j k i j k v i j k u v
vk k

   (D f) fœ œ ! ! Ê œ
( sin t) (cos t)

(sin t) (cos t) 1
sin t cos t

2 2 2 P
! " "

" "

! "i j k
uÈ È È ÈŠ ‹ Š ‹i j k u™ †

 (2 cos t) (2 sin t) (2t)   (D f) , (D f)(0) 0 andœ ! ! œ Ê œ œŠ ‹ Š ‹ Š ‹ ˆ ‰! " ! !sin t cos t 2t
2 2 2 2 2 24È È È È Èu u

1 1

 (D f)u ˆ ‰1 1

4 2 2
œ È

62. r t t (t 3)   t t ; t 1  x 1, y 1, z 1  P (1 1 1)œ ! " ! Ê œ ! " œ Ê œ œ œ " Ê œ ß ß"È Èi j k v i j k" " " "

# #

!"Î# !"Î#

!4 4

 and (1) ; f(x y z) x y z 3 0 f 2x 2yv i j k i j kœ ! " ß ß œ ! " " œ Ê œ ! "
" " "

# #

# #

4 ™

  f(1 1 1) 2 2 ; therefore ( f)  the curve is normal to the surfaceÊ ß ß" œ ! " œ Ê™ ™i j k v "

4

63. r t t (2t 1)   t t 2 ; t 1  x 1, y 1, z 1  P (1 1 1) andœ ! ! " Ê œ ! ! œ Ê œ œ œ Ê œ ß ßÈ Èi j k v i j k" "

# #

!"Î# !"Î#

!

 (1) 2 ; f(x y z) x y z 1 0  f 2x 2y   f(1 1 1) 2 2 ;v i j k i j k i j kœ ! ! ß ß œ ! " " œ Ê œ ! " Ê ß ß œ ! "
" "

# #

# #
™ ™

 now 1 f 1 1 1 0, thus the curve is tangent to the surface when t 1va b a b† ™ ß ß œ œ

14.7  EXTREME VALUES AND SADDLE POINTS

 1. f (x y) 2x y 3 0 and f (x y) x 2y 3 0  x 3 and y 3  critical point is ( 3 3);x yß œ ! ! œ ß œ ! " œ Ê œ " œ Ê " ß

 f ( 3 3) 2, f ( 3 3) 2, f ( 3 3) 1  f f f 3 0 and f 0  local minimum ofxx yy xy xx yy xxxy" ß œ " ß œ " ß œ Ê " œ # # Ê
#

 f( 3 3) 5" ß œ "

Mínimo 
local
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56. u e , u xe sin z, u y cos z  du e  dx xe sin z  dy (y cos z) dzx y z
y y y y

œ œ ! œ Ê œ ! ! !a b
  du 3 dx 7 dy 0 dz 3 dx 7 dy  magnitude of the maximum possible errorÊ œ ! ! œ ! Êk 2 ln 3ß ß 2

 3(0.2) 7(0.6) 4.8Ÿ ! œ

57. Q , Q , and QK M hœ œ œ
" " " !

# # #

!"Î# !"Î# !"Î#ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰2KM 2M 2KM 2K 2KM 2KM
h h h h h h

  dQ dK  dM  dhÊ œ ! !
" " " !

# # #

!"Î# !"Î# !"Î#ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰2KM 2M 2KM 2K 2KM 2KM
h h h h h h

  dK  dM  dh   dQœ ! " Ê
"

#

!"Î#ˆ ‰ ! ‘ k2KM 2M 2K 2KM
h h h h 2 20 0 0.05

  dK  dM  dh (0.0125)(800 dK 80 dM 32,000 dh)œ ! " œ ! "
"

#

!"Î#

’ “ ’ “(2)(2)(20) (2)(20) (2)(2) (2)(2)(20)
0.05 0.05 0.05 (0.05)

  Q is most sensitive to changes in hÊ

58. A ab sin C  A b sin C, A a sin C, A ab cos Cœ Ê œ œ œ
" " " "

# # # #
a b c

  dA b sin C  da a sin C  db ab cos C  dC; dC 2° 0.0349  radians, da 0.5  ft,Ê œ ! ! œ œ œˆ ‰ ˆ ‰ ˆ ‰ k k k k k k" " "

# # #

 db 0.5  ft; at a 150 ft, b 200 ft, and C 60°, we see that the change is approximatelyœ œ œ œk k
 dA (200)(sin 60°) 0.5 (150)(sin 60°) 0.5 (200)(150)(cos 60°) 0.0349 338 ftœ ! ! œ „

" " "

# # #

#k k k k k k

59. z f(x y)  g(x y z) f(x y) z 0  g (x y z) f (x y), g (x y z) f (x y) and g (x y z) 1œ ß Ê ß ß œ ß " œ Ê ß ß œ ß ß ß œ ß ß ß œ "x x y y z

  g (x y f(x y )) f (x y ), g (x y f(x y )) f (x y ) and g (x y f(x y )) 1  the tangentÊ ß ß ß œ ß ß ß ß œ ß ß ß ß œ " Êx x y y z! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !

 plane at the point P  is f (x y )(x x ) f (x y )(y y ) [z f(x y )] 0 or! ! ! ! ! ! ! ! !x yß " ! ß " " " ß œ

 z f (x y )(x x ) f (x y )(y y ) f(x y )œ ß " ! ß " ! ßx y! ! ! ! ! ! ! !

60. f 2x 2y 2(cos t t sin t) 2(sin t t cos t)  and (t cos t) (t sin t)   ™ œ ! œ ! ! " œ ! Ê œi j i j v i j u v
vk k

 (cos t) (sin t)  since t 0  (D f) fœ œ ! # Ê œ
(t cos t) (t sin t)
(t cos t) (t sin t) P

i j
u

"

"È i j u™ †

 2(cos t t sin t)(cos t) 2(sin t t cos t)(sin t) 2œ ! ! " œ

61. f 2x 2y 2z (2 cos t) (2 sin t) 2t  and ( sin t) (cos t)   ™ œ ! ! œ ! ! œ " ! ! Ê œi j k i j k v i j k u v
vk k

   (D f) fœ œ ! ! Ê œ
( sin t) (cos t)

(sin t) (cos t) 1
sin t cos t

2 2 2 P
! " "

" "

! "i j k
uÈ È È ÈŠ ‹ Š ‹i j k u™ †

 (2 cos t) (2 sin t) (2t)   (D f) , (D f)(0) 0 andœ ! ! œ Ê œ œŠ ‹ Š ‹ Š ‹ ˆ ‰! " ! !sin t cos t 2t
2 2 2 2 2 24È È È È Èu u

1 1

 (D f)u ˆ ‰1 1

4 2 2
œ È

62. r t t (t 3)   t t ; t 1  x 1, y 1, z 1  P (1 1 1)œ ! " ! Ê œ ! " œ Ê œ œ œ " Ê œ ß ß"È Èi j k v i j k" " " "

# #

!"Î# !"Î#

!4 4

 and (1) ; f(x y z) x y z 3 0 f 2x 2yv i j k i j kœ ! " ß ß œ ! " " œ Ê œ ! "
" " "

# #

# #

4 ™

  f(1 1 1) 2 2 ; therefore ( f)  the curve is normal to the surfaceÊ ß ß" œ ! " œ Ê™ ™i j k v "

4

63. r t t (2t 1)   t t 2 ; t 1  x 1, y 1, z 1  P (1 1 1) andœ ! ! " Ê œ ! ! œ Ê œ œ œ Ê œ ß ßÈ Èi j k v i j k" "

# #

!"Î# !"Î#

!

 (1) 2 ; f(x y z) x y z 1 0  f 2x 2y   f(1 1 1) 2 2 ;v i j k i j k i j kœ ! ! ß ß œ ! " " œ Ê œ ! " Ê ß ß œ ! "
" "

# #

# #
™ ™

 now 1 f 1 1 1 0, thus the curve is tangent to the surface when t 1va b a b† ™ ß ß œ œ

14.7  EXTREME VALUES AND SADDLE POINTS

 1. f (x y) 2x y 3 0 and f (x y) x 2y 3 0  x 3 and y 3  critical point is ( 3 3);x yß œ ! ! œ ß œ ! " œ Ê œ " œ Ê " ß

 f ( 3 3) 2, f ( 3 3) 2, f ( 3 3) 1  f f f 3 0 and f 0  local minimum ofxx yy xy xx yy xxxy" ß œ " ß œ " ß œ Ê " œ # # Ê
#

 f( 3 3) 5" ß œ "

3



(−3, 3)

4



b) f(x, y) = x2 + 3xy + 3y2 − 6x + 3y − 6

∇f(x, y) = 0
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 2. f (x y) 2x 3y 6 0 and f (x y) 3x 6y 3 0  x 15 and y 8  critical point is (15 8);x yß œ ! " œ ß œ ! ! œ Ê œ œ " Ê ß"

 f (15 8) 2, f (15 8) 6, f (15 8) 3  f f f 3 0 and f 0  local minimum ofxx yy xy xx yy xxxyß" œ ß" œ ß" œ Ê " œ # # Ê
#

 f(15 8) 63ß" œ "

 3. f (x y) 2y 10x 4 0 and f (x y) 2x 4y 4 0  x  and y   critical point is ;x y
2 4 2 4
3 3 3 3ß œ " ! œ ß œ " ! œ Ê œ œ Ê ßˆ ‰

 f 10, f 4, f 2  f f f 36 0 and f 0  local maximum ofxx yy xy xx yy xx
2 4 2 4 2 4
3 3 3 3 3 3 xyˆ ‰ ˆ ‰ ˆ ‰ß œ " ß œ " ß œ Ê " œ # $ Ê

#

 f 0ˆ ‰2 4
3 3ß œ

 4. f (x y) 2y 10x 4 0 and f (x y) 2x 4y 0  x  and y   critical point is ;x y
4 2 4 2
9 9 9 9ß œ " ! œ ß œ " œ Ê œ œ Ê ßˆ ‰

 f 10, f 4, f 2  f f f 36 0 and f 0  local maximum ofxx yy xy xx yy xx
4 2 4 2 4 2
9 9 9 9 9 9 xyˆ ‰ ˆ ‰ ˆ ‰ß œ " ß œ " ß œ Ê " œ # $ Ê

#

 f ˆ ‰4 2 28
9 9 9ß œ "

 5. f (x y) 2x y 3 0 and f (x y) x 2 0  x 2 and y 1  critical point is ( 2 1);x yß œ ! ! œ ß œ ! œ Ê œ " œ Ê " ß

 f ( 2 1) 2, f ( 2 1) 0, f ( 2 1) 1  f f f 1 0  saddle pointxx yy xy xx yy xy" ß œ " ß œ " ß œ Ê " œ " $ Ê
#

 6. f (x y) y 2 0 and f (x y) 2y x 2 0  x 2 and y 2  critical point is ( 2 2);x yß œ " œ ß œ ! " œ Ê œ " œ Ê " ß

 f ( 2 2) 0, f ( 2 2) 2, f ( 2 2) 1  f f f 1 0  saddle pointxx yy xy xx yy xy" ß œ " ß œ " ß œ Ê " œ " $ Ê
#

 7. f (x y) 5y 14x 3 0 and f (x y) 5x 6 0  x  and y   critical point is ;x y
6 69 6 69
5 5 5 25ß œ " ! œ ß œ " œ Ê œ œ Ê ß

#

ˆ ‰
 f 14, f 0, f 5  f f f 25 0  saddle pointxx yy xy xx yy

6 69 6 69 6 69
5 25 5 25 5 25 xyˆ ‰ ˆ ‰ ˆ ‰ß œ " ß œ ß œ Ê " œ " $ Ê

#

 8. f (x y) 2y 2x 3 0 and f (x y) 2x 4y 0  x 3 and y   critical point is 3 ;x y
3 3

2ß œ " ! œ ß œ " œ Ê œ œ Ê ß
#

ˆ ‰
 f 3 2, f 3 4, f 3 2  f f f 4 0 and f 0  local maximum ofxx yy xy xx yy xx

3 3 3
2 2 2 xyˆ ‰ ˆ ‰ ˆ ‰ß œ " ß œ " ß œ Ê " œ # $ Ê

#

 f 3ˆ ‰ß œ
3 17
# #

 9. f (x y) 2x 4y 0 and f (x y) 4x 2y 6 0  x 2 and y 1  critical point is (2 1);x yß œ " œ ß œ " ! ! œ Ê œ œ Ê ß

 f (2 1) 2, f (2 1) 2, f (2 1) 4  f f f 12 0  saddle pointxx yy xy xx yy xyß œ ß œ ß œ " Ê " œ " $ Ê
#

10. f (x y) 6x 6y 2 0 and f (x y) 6x 14y 4 0  x  and y   critical point is ;x y
13 3 13 3
1 4 12 4ß œ ! " œ ß œ ! ! œ Ê œ œ " Ê ß"
#

ˆ ‰
 f 6, f 14, f 6  f f f 48 0 and f 0  local minimum ofxx yy xy xx yy xx

13 3 13 3 13 3
1 4 1 4 1 4 xyˆ ‰ ˆ ‰ ˆ ‰
# # #

#
ß" œ ß" œ ß" œ Ê " œ # # Ê

 f ˆ ‰13 3 31
12 4 1ß" œ "

#

11. f (x y) 4x 3y 5 0 and f (x y) 3x 8y 2 0  x 2 and y 1  critical point is (2 1);x yß œ ! " œ ß œ ! ! œ Ê œ œ " Ê ß"

 f (2 1) 4, f (2 1) 8, f (2 1) 3  f f f 23 0 and f 0  local minimum ofxx yy xy xx yy xxxyß" œ ß" œ ß" œ Ê " œ # # Ê
#

 f(2 1) 6ß" œ "

12. f (x y) 8x 6y 20 0 and f (x y) 6x 10y 26 0  x 1 and y 2  critical point is (1 2);x yß œ " " œ ß œ " ! ! œ Ê œ œ " Ê ß"

 f (1 2) 8, f (1 2) 10, f (1 2) 6  f f f 44 0 and f 0  local minimum ofxx yy xy xx yy xxxyß" œ ß" œ ß" œ " Ê " œ # # Ê
#

 f(1 2) 36ß" œ "

13. f (x y) 2x 2 0 and f (x y) 2y 4 0  x 1 and y 2  critical point is (1 2); f (1 2) 2,x y xxß œ " œ ß œ " ! œ Ê œ œ Ê ß ß œ

 f (1 2) 2, f (1 2) 0  f f f 4 0  saddle pointyy xy xx yy xyß œ " ß œ Ê " œ " $ Ê
#

14. f (x y) 2x 2y 2 0 and f (x y) 2x 4y 2 0  x 1 and y 0  critical point is (1 0);x yß œ " " œ ß œ " ! ! œ Ê œ œ Ê ß

 f (1 0) 2, f (1 0) 4, f (1 0) 2  f f f 4 0 and f 0  local minimum ofxx yy xy xx yy xxxyß œ ß œ ß œ " Ê " œ # # Ê
#

 f(1 0) 0ß œ
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 f (15 8) 2, f (15 8) 6, f (15 8) 3  f f f 3 0 and f 0  local minimum ofxx yy xy xx yy xxxyß" œ ß" œ ß" œ Ê " œ # # Ê
#
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3 3ß œ
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 f ˆ ‰4 2 28
9 9 9ß œ "

 5. f (x y) 2x y 3 0 and f (x y) x 2 0  x 2 and y 1  critical point is ( 2 1);x yß œ ! ! œ ß œ ! œ Ê œ " œ Ê " ß

 f ( 2 1) 2, f ( 2 1) 0, f ( 2 1) 1  f f f 1 0  saddle pointxx yy xy xx yy xy" ß œ " ß œ " ß œ Ê " œ " $ Ê
#

 6. f (x y) y 2 0 and f (x y) 2y x 2 0  x 2 and y 2  critical point is ( 2 2);x yß œ " œ ß œ ! " œ Ê œ " œ Ê " ß

 f ( 2 2) 0, f ( 2 2) 2, f ( 2 2) 1  f f f 1 0  saddle pointxx yy xy xx yy xy" ß œ " ß œ " ß œ Ê " œ " $ Ê
#

 7. f (x y) 5y 14x 3 0 and f (x y) 5x 6 0  x  and y   critical point is ;x y
6 69 6 69
5 5 5 25ß œ " ! œ ß œ " œ Ê œ œ Ê ß

#

ˆ ‰
 f 14, f 0, f 5  f f f 25 0  saddle pointxx yy xy xx yy

6 69 6 69 6 69
5 25 5 25 5 25 xyˆ ‰ ˆ ‰ ˆ ‰ß œ " ß œ ß œ Ê " œ " $ Ê

#

 8. f (x y) 2y 2x 3 0 and f (x y) 2x 4y 0  x 3 and y   critical point is 3 ;x y
3 3

2ß œ " ! œ ß œ " œ Ê œ œ Ê ß
#

ˆ ‰
 f 3 2, f 3 4, f 3 2  f f f 4 0 and f 0  local maximum ofxx yy xy xx yy xx

3 3 3
2 2 2 xyˆ ‰ ˆ ‰ ˆ ‰ß œ " ß œ " ß œ Ê " œ # $ Ê

#

 f 3ˆ ‰ß œ
3 17
# #

 9. f (x y) 2x 4y 0 and f (x y) 4x 2y 6 0  x 2 and y 1  critical point is (2 1);x yß œ " œ ß œ " ! ! œ Ê œ œ Ê ß

 f (2 1) 2, f (2 1) 2, f (2 1) 4  f f f 12 0  saddle pointxx yy xy xx yy xyß œ ß œ ß œ " Ê " œ " $ Ê
#

10. f (x y) 6x 6y 2 0 and f (x y) 6x 14y 4 0  x  and y   critical point is ;x y
13 3 13 3
1 4 12 4ß œ ! " œ ß œ ! ! œ Ê œ œ " Ê ß"
#

ˆ ‰
 f 6, f 14, f 6  f f f 48 0 and f 0  local minimum ofxx yy xy xx yy xx

13 3 13 3 13 3
1 4 1 4 1 4 xyˆ ‰ ˆ ‰ ˆ ‰
# # #

#
ß" œ ß" œ ß" œ Ê " œ # # Ê

 f ˆ ‰13 3 31
12 4 1ß" œ "

#

11. f (x y) 4x 3y 5 0 and f (x y) 3x 8y 2 0  x 2 and y 1  critical point is (2 1);x yß œ ! " œ ß œ ! ! œ Ê œ œ " Ê ß"

 f (2 1) 4, f (2 1) 8, f (2 1) 3  f f f 23 0 and f 0  local minimum ofxx yy xy xx yy xxxyß" œ ß" œ ß" œ Ê " œ # # Ê
#

 f(2 1) 6ß" œ "

12. f (x y) 8x 6y 20 0 and f (x y) 6x 10y 26 0  x 1 and y 2  critical point is (1 2);x yß œ " " œ ß œ " ! ! œ Ê œ œ " Ê ß"

 f (1 2) 8, f (1 2) 10, f (1 2) 6  f f f 44 0 and f 0  local minimum ofxx yy xy xx yy xxxyß" œ ß" œ ß" œ " Ê " œ # # Ê
#

 f(1 2) 36ß" œ "

13. f (x y) 2x 2 0 and f (x y) 2y 4 0  x 1 and y 2  critical point is (1 2); f (1 2) 2,x y xxß œ " œ ß œ " ! œ Ê œ œ Ê ß ß œ

 f (1 2) 2, f (1 2) 0  f f f 4 0  saddle pointyy xy xx yy xyß œ " ß œ Ê " œ " $ Ê
#

14. f (x y) 2x 2y 2 0 and f (x y) 2x 4y 2 0  x 1 and y 0  critical point is (1 0);x yß œ " " œ ß œ " ! ! œ Ê œ œ Ê ß

 f (1 0) 2, f (1 0) 4, f (1 0) 2  f f f 4 0 and f 0  local minimum ofxx yy xy xx yy xxxyß œ ß œ ß œ " Ê " œ # # Ê
#

 f(1 0) 0ß œ

(15,−8)

Valor del mínimo
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56. u e , u xe sin z, u y cos z  du e  dx xe sin z  dy (y cos z) dzx y z
y y y y

œ œ ! œ Ê œ ! ! !a b
  du 3 dx 7 dy 0 dz 3 dx 7 dy  magnitude of the maximum possible errorÊ œ ! ! œ ! Êk 2 ln 3ß ß 2

 3(0.2) 7(0.6) 4.8Ÿ ! œ

57. Q , Q , and QK M hœ œ œ
" " " !

# # #

!"Î# !"Î# !"Î#ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰2KM 2M 2KM 2K 2KM 2KM
h h h h h h

  dQ dK  dM  dhÊ œ ! !
" " " !

# # #

!"Î# !"Î# !"Î#ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰2KM 2M 2KM 2K 2KM 2KM
h h h h h h

  dK  dM  dh   dQœ ! " Ê
"

#

!"Î#ˆ ‰ ! ‘ k2KM 2M 2K 2KM
h h h h 2 20 0 0.05

  dK  dM  dh (0.0125)(800 dK 80 dM 32,000 dh)œ ! " œ ! "
"

#

!"Î#

’ “ ’ “(2)(2)(20) (2)(20) (2)(2) (2)(2)(20)
0.05 0.05 0.05 (0.05)

  Q is most sensitive to changes in hÊ

58. A ab sin C  A b sin C, A a sin C, A ab cos Cœ Ê œ œ œ
" " " "

# # # #
a b c

  dA b sin C  da a sin C  db ab cos C  dC; dC 2° 0.0349  radians, da 0.5  ft,Ê œ ! ! œ œ œˆ ‰ ˆ ‰ ˆ ‰ k k k k k k" " "

# # #

 db 0.5  ft; at a 150 ft, b 200 ft, and C 60°, we see that the change is approximatelyœ œ œ œk k
 dA (200)(sin 60°) 0.5 (150)(sin 60°) 0.5 (200)(150)(cos 60°) 0.0349 338 ftœ ! ! œ „

" " "

# # #

#k k k k k k

59. z f(x y)  g(x y z) f(x y) z 0  g (x y z) f (x y), g (x y z) f (x y) and g (x y z) 1œ ß Ê ß ß œ ß " œ Ê ß ß œ ß ß ß œ ß ß ß œ "x x y y z

  g (x y f(x y )) f (x y ), g (x y f(x y )) f (x y ) and g (x y f(x y )) 1  the tangentÊ ß ß ß œ ß ß ß ß œ ß ß ß ß œ " Êx x y y z! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !

 plane at the point P  is f (x y )(x x ) f (x y )(y y ) [z f(x y )] 0 or! ! ! ! ! ! ! ! !x yß " ! ß " " " ß œ

 z f (x y )(x x ) f (x y )(y y ) f(x y )œ ß " ! ß " ! ßx y! ! ! ! ! ! ! !

60. f 2x 2y 2(cos t t sin t) 2(sin t t cos t)  and (t cos t) (t sin t)   ™ œ ! œ ! ! " œ ! Ê œi j i j v i j u v
vk k

 (cos t) (sin t)  since t 0  (D f) fœ œ ! # Ê œ
(t cos t) (t sin t)
(t cos t) (t sin t) P

i j
u

"

"È i j u™ †

 2(cos t t sin t)(cos t) 2(sin t t cos t)(sin t) 2œ ! ! " œ

61. f 2x 2y 2z (2 cos t) (2 sin t) 2t  and ( sin t) (cos t)   ™ œ ! ! œ ! ! œ " ! ! Ê œi j k i j k v i j k u v
vk k

   (D f) fœ œ ! ! Ê œ
( sin t) (cos t)

(sin t) (cos t) 1
sin t cos t

2 2 2 P
! " "

" "

! "i j k
uÈ È È ÈŠ ‹ Š ‹i j k u™ †

 (2 cos t) (2 sin t) (2t)   (D f) , (D f)(0) 0 andœ ! ! œ Ê œ œŠ ‹ Š ‹ Š ‹ ˆ ‰! " ! !sin t cos t 2t
2 2 2 2 2 24È È È È Èu u

1 1

 (D f)u ˆ ‰1 1

4 2 2
œ È

62. r t t (t 3)   t t ; t 1  x 1, y 1, z 1  P (1 1 1)œ ! " ! Ê œ ! " œ Ê œ œ œ " Ê œ ß ß"È Èi j k v i j k" " " "

# #

!"Î# !"Î#

!4 4

 and (1) ; f(x y z) x y z 3 0 f 2x 2yv i j k i j kœ ! " ß ß œ ! " " œ Ê œ ! "
" " "

# #

# #

4 ™

  f(1 1 1) 2 2 ; therefore ( f)  the curve is normal to the surfaceÊ ß ß" œ ! " œ Ê™ ™i j k v "

4

63. r t t (2t 1)   t t 2 ; t 1  x 1, y 1, z 1  P (1 1 1) andœ ! ! " Ê œ ! ! œ Ê œ œ œ Ê œ ß ßÈ Èi j k v i j k" "

# #

!"Î# !"Î#

!

 (1) 2 ; f(x y z) x y z 1 0  f 2x 2y   f(1 1 1) 2 2 ;v i j k i j k i j kœ ! ! ß ß œ ! " " œ Ê œ ! " Ê ß ß œ ! "
" "

# #

# #
™ ™

 now 1 f 1 1 1 0, thus the curve is tangent to the surface when t 1va b a b† ™ ß ß œ œ

14.7  EXTREME VALUES AND SADDLE POINTS

 1. f (x y) 2x y 3 0 and f (x y) x 2y 3 0  x 3 and y 3  critical point is ( 3 3);x yß œ ! ! œ ß œ ! " œ Ê œ " œ Ê " ß

 f ( 3 3) 2, f ( 3 3) 2, f ( 3 3) 1  f f f 3 0 and f 0  local minimum ofxx yy xy xx yy xxxy" ß œ " ß œ " ß œ Ê " œ # # Ê
#

 f( 3 3) 5" ß œ "
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56. u e , u xe sin z, u y cos z  du e  dx xe sin z  dy (y cos z) dzx y z
y y y y

œ œ ! œ Ê œ ! ! !a b
  du 3 dx 7 dy 0 dz 3 dx 7 dy  magnitude of the maximum possible errorÊ œ ! ! œ ! Êk 2 ln 3ß ß 2

 3(0.2) 7(0.6) 4.8Ÿ ! œ
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" " " !

# # #
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"

#
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 db 0.5  ft; at a 150 ft, b 200 ft, and C 60°, we see that the change is approximatelyœ œ œ œk k
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" " "

# # #

#k k k k k k
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"
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 2(cos t t sin t)(cos t) 2(sin t t cos t)(sin t) 2œ ! ! " œ

61. f 2x 2y 2z (2 cos t) (2 sin t) 2t  and ( sin t) (cos t)   ™ œ ! ! œ ! ! œ " ! ! Ê œi j k i j k v i j k u v
vk k

   (D f) fœ œ ! ! Ê œ
( sin t) (cos t)

(sin t) (cos t) 1
sin t cos t

2 2 2 P
! " "

" "
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1 1

 (D f)u ˆ ‰1 1

4 2 2
œ È
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!"Î# !"Î#

!4 4

 and (1) ; f(x y z) x y z 3 0 f 2x 2yv i j k i j kœ ! " ß ß œ ! " " œ Ê œ ! "
" " "

# #

# #

4 ™

  f(1 1 1) 2 2 ; therefore ( f)  the curve is normal to the surfaceÊ ß ß" œ ! " œ Ê™ ™i j k v "

4

63. r t t (2t 1)   t t 2 ; t 1  x 1, y 1, z 1  P (1 1 1) andœ ! ! " Ê œ ! ! œ Ê œ œ œ Ê œ ß ßÈ Èi j k v i j k" "

# #

!"Î# !"Î#

!

 (1) 2 ; f(x y z) x y z 1 0  f 2x 2y   f(1 1 1) 2 2 ;v i j k i j k i j kœ ! ! ß ß œ ! " " œ Ê œ ! " Ê ß ß œ ! "
" "

# #

# #
™ ™

 now 1 f 1 1 1 0, thus the curve is tangent to the surface when t 1va b a b† ™ ß ß œ œ

14.7  EXTREME VALUES AND SADDLE POINTS

 1. f (x y) 2x y 3 0 and f (x y) x 2y 3 0  x 3 and y 3  critical point is ( 3 3);x yß œ ! ! œ ß œ ! " œ Ê œ " œ Ê " ß

 f ( 3 3) 2, f ( 3 3) 2, f ( 3 3) 1  f f f 3 0 and f 0  local minimum ofxx yy xy xx yy xxxy" ß œ " ß œ " ß œ Ê " œ # # Ê
#

 f( 3 3) 5" ß œ "

Mínimo 
local
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 2. f (x y) 2x 3y 6 0 and f (x y) 3x 6y 3 0  x 15 and y 8  critical point is (15 8);x yß œ ! " œ ß œ ! ! œ Ê œ œ " Ê ß"

 f (15 8) 2, f (15 8) 6, f (15 8) 3  f f f 3 0 and f 0  local minimum ofxx yy xy xx yy xxxyß" œ ß" œ ß" œ Ê " œ # # Ê
#

 f(15 8) 63ß" œ "

 3. f (x y) 2y 10x 4 0 and f (x y) 2x 4y 4 0  x  and y   critical point is ;x y
2 4 2 4
3 3 3 3ß œ " ! œ ß œ " ! œ Ê œ œ Ê ßˆ ‰

 f 10, f 4, f 2  f f f 36 0 and f 0  local maximum ofxx yy xy xx yy xx
2 4 2 4 2 4
3 3 3 3 3 3 xyˆ ‰ ˆ ‰ ˆ ‰ß œ " ß œ " ß œ Ê " œ # $ Ê

#

 f 0ˆ ‰2 4
3 3ß œ

 4. f (x y) 2y 10x 4 0 and f (x y) 2x 4y 0  x  and y   critical point is ;x y
4 2 4 2
9 9 9 9ß œ " ! œ ß œ " œ Ê œ œ Ê ßˆ ‰

 f 10, f 4, f 2  f f f 36 0 and f 0  local maximum ofxx yy xy xx yy xx
4 2 4 2 4 2
9 9 9 9 9 9 xyˆ ‰ ˆ ‰ ˆ ‰ß œ " ß œ " ß œ Ê " œ # $ Ê

#

 f ˆ ‰4 2 28
9 9 9ß œ "

 5. f (x y) 2x y 3 0 and f (x y) x 2 0  x 2 and y 1  critical point is ( 2 1);x yß œ ! ! œ ß œ ! œ Ê œ " œ Ê " ß

 f ( 2 1) 2, f ( 2 1) 0, f ( 2 1) 1  f f f 1 0  saddle pointxx yy xy xx yy xy" ß œ " ß œ " ß œ Ê " œ " $ Ê
#

 6. f (x y) y 2 0 and f (x y) 2y x 2 0  x 2 and y 2  critical point is ( 2 2);x yß œ " œ ß œ ! " œ Ê œ " œ Ê " ß

 f ( 2 2) 0, f ( 2 2) 2, f ( 2 2) 1  f f f 1 0  saddle pointxx yy xy xx yy xy" ß œ " ß œ " ß œ Ê " œ " $ Ê
#

 7. f (x y) 5y 14x 3 0 and f (x y) 5x 6 0  x  and y   critical point is ;x y
6 69 6 69
5 5 5 25ß œ " ! œ ß œ " œ Ê œ œ Ê ß

#

ˆ ‰
 f 14, f 0, f 5  f f f 25 0  saddle pointxx yy xy xx yy

6 69 6 69 6 69
5 25 5 25 5 25 xyˆ ‰ ˆ ‰ ˆ ‰ß œ " ß œ ß œ Ê " œ " $ Ê

#

 8. f (x y) 2y 2x 3 0 and f (x y) 2x 4y 0  x 3 and y   critical point is 3 ;x y
3 3

2ß œ " ! œ ß œ " œ Ê œ œ Ê ß
#

ˆ ‰
 f 3 2, f 3 4, f 3 2  f f f 4 0 and f 0  local maximum ofxx yy xy xx yy xx

3 3 3
2 2 2 xyˆ ‰ ˆ ‰ ˆ ‰ß œ " ß œ " ß œ Ê " œ # $ Ê

#

 f 3ˆ ‰ß œ
3 17
# #

 9. f (x y) 2x 4y 0 and f (x y) 4x 2y 6 0  x 2 and y 1  critical point is (2 1);x yß œ " œ ß œ " ! ! œ Ê œ œ Ê ß

 f (2 1) 2, f (2 1) 2, f (2 1) 4  f f f 12 0  saddle pointxx yy xy xx yy xyß œ ß œ ß œ " Ê " œ " $ Ê
#

10. f (x y) 6x 6y 2 0 and f (x y) 6x 14y 4 0  x  and y   critical point is ;x y
13 3 13 3
1 4 12 4ß œ ! " œ ß œ ! ! œ Ê œ œ " Ê ß"
#

ˆ ‰
 f 6, f 14, f 6  f f f 48 0 and f 0  local minimum ofxx yy xy xx yy xx

13 3 13 3 13 3
1 4 1 4 1 4 xyˆ ‰ ˆ ‰ ˆ ‰
# # #

#
ß" œ ß" œ ß" œ Ê " œ # # Ê

 f ˆ ‰13 3 31
12 4 1ß" œ "

#

11. f (x y) 4x 3y 5 0 and f (x y) 3x 8y 2 0  x 2 and y 1  critical point is (2 1);x yß œ ! " œ ß œ ! ! œ Ê œ œ " Ê ß"

 f (2 1) 4, f (2 1) 8, f (2 1) 3  f f f 23 0 and f 0  local minimum ofxx yy xy xx yy xxxyß" œ ß" œ ß" œ Ê " œ # # Ê
#

 f(2 1) 6ß" œ "

12. f (x y) 8x 6y 20 0 and f (x y) 6x 10y 26 0  x 1 and y 2  critical point is (1 2);x yß œ " " œ ß œ " ! ! œ Ê œ œ " Ê ß"

 f (1 2) 8, f (1 2) 10, f (1 2) 6  f f f 44 0 and f 0  local minimum ofxx yy xy xx yy xxxyß" œ ß" œ ß" œ " Ê " œ # # Ê
#

 f(1 2) 36ß" œ "

13. f (x y) 2x 2 0 and f (x y) 2y 4 0  x 1 and y 2  critical point is (1 2); f (1 2) 2,x y xxß œ " œ ß œ " ! œ Ê œ œ Ê ß ß œ

 f (1 2) 2, f (1 2) 0  f f f 4 0  saddle pointyy xy xx yy xyß œ " ß œ Ê " œ " $ Ê
#

14. f (x y) 2x 2y 2 0 and f (x y) 2x 4y 2 0  x 1 and y 0  critical point is (1 0);x yß œ " " œ ß œ " ! ! œ Ê œ œ Ê ß

 f (1 0) 2, f (1 0) 4, f (1 0) 2  f f f 4 0 and f 0  local minimum ofxx yy xy xx yy xxxyß œ ß œ ß œ " Ê " œ # # Ê
#

 f(1 0) 0ß œ
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3 3 3
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#
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3 17
# #

 9. f (x y) 2x 4y 0 and f (x y) 4x 2y 6 0  x 2 and y 1  critical point is (2 1);x yß œ " œ ß œ " ! ! œ Ê œ œ Ê ß
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ß" œ ß" œ ß" œ Ê " œ # # Ê
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#
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 f(1 2) 36ß" œ "

13. f (x y) 2x 2 0 and f (x y) 2y 4 0  x 1 and y 2  critical point is (1 2); f (1 2) 2,x y xxß œ " œ ß œ " ! œ Ê œ œ Ê ß ß œ

 f (1 2) 2, f (1 2) 0  f f f 4 0  saddle pointyy xy xx yy xyß œ " ß œ Ê " œ " $ Ê
#

14. f (x y) 2x 2y 2 0 and f (x y) 2x 4y 2 0  x 1 and y 0  critical point is (1 0);x yß œ " " œ ß œ " ! ! œ Ê œ œ Ê ß

 f (1 0) 2, f (1 0) 4, f (1 0) 2  f f f 4 0 and f 0  local minimum ofxx yy xy xx yy xxxyß œ ß œ ß œ " Ê " œ # # Ê
#

 f(1 0) 0ß œ
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4 2 4 2 4 2
9 9 9 9 9 9 xyˆ ‰ ˆ ‰ ˆ ‰ß œ " ß œ " ß œ Ê " œ # $ Ê

#

 f ˆ ‰4 2 28
9 9 9ß œ "

 5. f (x y) 2x y 3 0 and f (x y) x 2 0  x 2 and y 1  critical point is ( 2 1);x yß œ ! ! œ ß œ ! œ Ê œ " œ Ê " ß

 f ( 2 1) 2, f ( 2 1) 0, f ( 2 1) 1  f f f 1 0  saddle pointxx yy xy xx yy xy" ß œ " ß œ " ß œ Ê " œ " $ Ê
#

 6. f (x y) y 2 0 and f (x y) 2y x 2 0  x 2 and y 2  critical point is ( 2 2);x yß œ " œ ß œ ! " œ Ê œ " œ Ê " ß

 f ( 2 2) 0, f ( 2 2) 2, f ( 2 2) 1  f f f 1 0  saddle pointxx yy xy xx yy xy" ß œ " ß œ " ß œ Ê " œ " $ Ê
#

 7. f (x y) 5y 14x 3 0 and f (x y) 5x 6 0  x  and y   critical point is ;x y
6 69 6 69
5 5 5 25ß œ " ! œ ß œ " œ Ê œ œ Ê ß

#

ˆ ‰
 f 14, f 0, f 5  f f f 25 0  saddle pointxx yy xy xx yy

6 69 6 69 6 69
5 25 5 25 5 25 xyˆ ‰ ˆ ‰ ˆ ‰ß œ " ß œ ß œ Ê " œ " $ Ê

#

 8. f (x y) 2y 2x 3 0 and f (x y) 2x 4y 0  x 3 and y   critical point is 3 ;x y
3 3

2ß œ " ! œ ß œ " œ Ê œ œ Ê ß
#

ˆ ‰
 f 3 2, f 3 4, f 3 2  f f f 4 0 and f 0  local maximum ofxx yy xy xx yy xx

3 3 3
2 2 2 xyˆ ‰ ˆ ‰ ˆ ‰ß œ " ß œ " ß œ Ê " œ # $ Ê

#

 f 3ˆ ‰ß œ
3 17
# #

 9. f (x y) 2x 4y 0 and f (x y) 4x 2y 6 0  x 2 and y 1  critical point is (2 1);x yß œ " œ ß œ " ! ! œ Ê œ œ Ê ß

 f (2 1) 2, f (2 1) 2, f (2 1) 4  f f f 12 0  saddle pointxx yy xy xx yy xyß œ ß œ ß œ " Ê " œ " $ Ê
#

10. f (x y) 6x 6y 2 0 and f (x y) 6x 14y 4 0  x  and y   critical point is ;x y
13 3 13 3
1 4 12 4ß œ ! " œ ß œ ! ! œ Ê œ œ " Ê ß"
#

ˆ ‰
 f 6, f 14, f 6  f f f 48 0 and f 0  local minimum ofxx yy xy xx yy xx

13 3 13 3 13 3
1 4 1 4 1 4 xyˆ ‰ ˆ ‰ ˆ ‰
# # #

#
ß" œ ß" œ ß" œ Ê " œ # # Ê

 f ˆ ‰13 3 31
12 4 1ß" œ "

#

11. f (x y) 4x 3y 5 0 and f (x y) 3x 8y 2 0  x 2 and y 1  critical point is (2 1);x yß œ ! " œ ß œ ! ! œ Ê œ œ " Ê ß"

 f (2 1) 4, f (2 1) 8, f (2 1) 3  f f f 23 0 and f 0  local minimum ofxx yy xy xx yy xxxyß" œ ß" œ ß" œ Ê " œ # # Ê
#

 f(2 1) 6ß" œ "

12. f (x y) 8x 6y 20 0 and f (x y) 6x 10y 26 0  x 1 and y 2  critical point is (1 2);x yß œ " " œ ß œ " ! ! œ Ê œ œ " Ê ß"
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#
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 f 6, f 14, f 6  f f f 48 0 and f 0  local minimum ofxx yy xy xx yy xx

13 3 13 3 13 3
1 4 1 4 1 4 xyˆ ‰ ˆ ‰ ˆ ‰
# # #

#
ß" œ ß" œ ß" œ Ê " œ # # Ê

 f ˆ ‰13 3 31
12 4 1ß" œ "

#

11. f (x y) 4x 3y 5 0 and f (x y) 3x 8y 2 0  x 2 and y 1  critical point is (2 1);x yß œ ! " œ ß œ ! ! œ Ê œ œ " Ê ß"

 f (2 1) 4, f (2 1) 8, f (2 1) 3  f f f 23 0 and f 0  local minimum ofxx yy xy xx yy xxxyß" œ ß" œ ß" œ Ê " œ # # Ê
#

 f(2 1) 6ß" œ "

12. f (x y) 8x 6y 20 0 and f (x y) 6x 10y 26 0  x 1 and y 2  critical point is (1 2);x yß œ " " œ ß œ " ! ! œ Ê œ œ " Ê ß"

 f (1 2) 8, f (1 2) 10, f (1 2) 6  f f f 44 0 and f 0  local minimum ofxx yy xy xx yy xxxyß" œ ß" œ ß" œ " Ê " œ # # Ê
#

 f(1 2) 36ß" œ "

13. f (x y) 2x 2 0 and f (x y) 2y 4 0  x 1 and y 2  critical point is (1 2); f (1 2) 2,x y xxß œ " œ ß œ " ! œ Ê œ œ Ê ß ß œ

 f (1 2) 2, f (1 2) 0  f f f 4 0  saddle pointyy xy xx yy xyß œ " ß œ Ê " œ " $ Ê
#

14. f (x y) 2x 2y 2 0 and f (x y) 2x 4y 2 0  x 1 and y 0  critical point is (1 0);x yß œ " " œ ß œ " ! ! œ Ê œ œ Ê ß

 f (1 0) 2, f (1 0) 4, f (1 0) 2  f f f 4 0 and f 0  local minimum ofxx yy xy xx yy xxxyß œ ß œ ß œ " Ê " œ # # Ê
#

 f(1 0) 0ß œ

5



6



Punto
 critico

c)

∇f(x, y) = 0

Valor del máximoMáximo 
local

f(x, y) =
1

x2 + y2 − 1
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24. f (x y) 6x 18x 0  6x(x 3) 0  x 0 or x 3; f (x y) 6y 6y 12 0  6(y 2)(y 1) 0x yß œ ! œ Ê ! œ Ê œ œ ß œ " ! œ Ê " ! œ
# #

  y 2 or y 1  the critical points are (0 2), (0 1), (3 2), and (3 1); f (x y) 12x 18,Ê œ ! œ Ê ß! ß ß! ß ß œ !xx

 f (x y) 12y 6, and f (x y) 0; for ( 2):  f (0 2) 18, f (0 2) 18, f (0 2) 0yy xy xx yy xyß œ " ß œ !ß! ß! œ ! ß! œ ! ß! œ

  f f f 324 0 and f 0  local  maximum of f(0 2) 20; for (0 1):  f (0 1) 18,Ê ! œ # $ Ê ß! œ ß ß œ !xx yy xx xxxy
#

 f (0 1) 18, f (0 1) 0  f f f 324 0  saddle point; for (3 2):  f (3 2) 18,yy xy xx yy xxxyß œ ß œ Ê ! œ ! $ Ê ß! ß! œ
#

 f (3 2) 18, f (3 2) 0  f f f 324 0  saddle point; for (3 1):  f (3 1) 18,yy xy xx yy xxxyß! œ ! ß! œ Ê ! œ ! $ Ê ß ß œ
#

 f (3 1) 18, f (3 1) 0  f f f 324 0 and f 0  local minimum of f(3 1) 34yy xy xx yy xxxyß œ ß œ Ê ! œ # # Ê ß œ !
#

25. f (x y) 4y 4x 0 and f (x y) 4x 4y 0  x y  x 1 x 0  x 0, 1, 1  the criticalx yß œ ! œ ß œ ! œ Ê œ Ê ! œ Ê œ ! Ê
$ $ #a b

 points are (0 0), (1 1), and ( 1 1); for ( ):  f (0 0) 12x 0, f (0 0) 12y 0,ß ß ! ß! !ß ! ß œ ! œ ß œ ! œk kxx yy0 0 0 0
# #

Ð ß Ñ Ð ß Ñ

 f (0 0) 4  f f f 16 0  saddle point; for (1 1):  f (1 1) 12, f (1 1) 12, f (1 1) 4xy xx yy xx yy xyxyß œ Ê ! œ ! $ Ê ß ß œ ! ß œ ! ß œ
#

  f f f 128 0 and f 0  local maximum of f(1 1) 2; for ( 1 1):  f ( 1 1) 12,Ê ! œ # $ Ê ß œ ! ß! ! ß! œ !xx yy xx xxxy
#

 f ( 1 1) 12, f ( 1 1) 4  f f f 128 0 and f 0  local maximum of f( 1 1) 2yy xy xx yy xxxy! ß! œ ! ! ß! œ Ê ! œ # $ Ê ! ß! œ
#

26. f (x y) 4x 4y 0 and f (x y) 4y 4x 0  x y  x x 0  x 1 x 0  x 0, 1, 1x yß œ " œ ß œ " œ Ê œ ! Ê ! " œ Ê ! œ Ê œ !
$ $ $ #a b

  the critical points are (0 0), (1 1), and ( 1 1); f (x y) 12x , f (x y) 12y , and f (x y) 4;Ê ß ß! ! ß ß œ ß œ ß œxx yy xy
# #

 for ( 0):  f (0 0) 0, f (0 0) 0, f (0 0) 4  f f f 16 0  saddle point; for (1 1):!ß ß œ ß œ ß œ Ê ! œ ! $ Ê ß!xx yy xy xx yy xy
#

 f (1 1) 12, f (1 1) 12, f (1 1) 4  f f f 128 0 and f 0  local minimum ofxx yy xy xx yy xxxyß! œ ß! œ ß! œ Ê ! œ # # Ê
#

 f( 1) 2; for ( 1 1):  f ( 1 1) 12, f ( 1 1) 12, f ( 1 1) 4  f f f 128 0 and"ß! œ ! ! ß ! ß œ ! ß œ ! ß œ Ê ! œ #xx yy xy xx yy xy
#

 f 0  local minimum of f( 1 1) 2xx # Ê ! ß œ !

27. f (x y) 0 and f (x y) 0  x 0 and y 0  the critical point is ( 0);x y
2x

x y 1 x y 1
2y

ß œ œ ß œ œ Ê œ œ Ê !ß
"

# " # "

"

a b a b

 f , f , f ; f ( ) 2, f (0 0) 2, f (0 0) 0xx yy xy xx yy xy
4x 2y 2 2x 4y 2 8xy
x y 1 x y 1 x y 1

œ œ œ !ß ! œ ! ß œ ! ß œ
" # " # #

# " # " # "a b a b a b

  f f f 4 0 and f 0  local maximum of f(0 0) 1Ê ! œ # $ Ê ß œ !xx yy xxxy
#

28. f (x y) y 0 and f (x y) x 0  x 1 and y 1  the critical point is (1 1);x y
1 1
x yß œ ! " œ ß œ ! œ Ê œ œ Ê ß

 f , f , f 1; f (1 1) 2, f (1 1) 2, f (1 1) 1  f f f 3 0 and f 2  localxx yy xy xx yy xy xx yy xx
2 2
x y xyœ œ œ ß œ ß œ ß œ Ê ! œ # # Ê

#

 minimum of f(1 1) 3ß œ

29. f (x y) y cos x 0 and f (x y) sin x 0  x n , n an integer, and y 0  the critical points arex yß œ œ ß œ œ Ê œ œ Ê1

 (n 0), n an integer (Note:  cos x and sin x cannot both be 0 for the same x, so sin x must be 0 and y 0);1ß œ

 f y sin x, f 0, f cos x; f (n 0) 0, f (n 0) 0, f (n 0) 1 if n is even and f (n 0) 1xx yy xy xx yy xy xyœ ! œ œ ß œ ß œ ß œ ß œ !1 1 1 1

 if n is odd  f f f 1 0  saddle point.Ê ! œ ! $ Êxx yy xy
#

30. f (x y) 2e  cos y 0 and f (x y) e  sin y 0  no solution since e 0 for any x and the functionsx y
2x 2x 2x

ß œ œ ß œ ! œ Ê Á

 cos y and sin y cannot equal 0 for the same y  no critical points  no extrema and no saddle pointsÊ Ê

31. (i) On OA, f(x y) f(0 y) y 4y 1 on 0 y 2;ß œ ß œ ! " Ÿ Ÿ
#

 f (0 y) 2y 4 0  y 2;w
ß œ ! œ Ê œ

 f(0 0) 1 and f( ) 3ß œ !ß # œ !

 (ii) On AB, f(x y) f(x 2) 2x 4x 3 on 0 x 1;ß œ ß œ ! ! Ÿ Ÿ
#

 f (x 2) 4x 4 0  x 1;w
ß œ ! œ Ê œ

 f(0 2) 3 and f(1 ) 5ß œ ! ß # œ !

 (iii) On OB, f(x y) f(x 2x) 6x 12x 1 onß œ ß œ ! "
#

 0 x 1; endpoint values have been found above;Ÿ Ÿ

 

 f (x 2x) 12x 12 0  x 1 and y 2, but ( ) is not an interior point of OBw
ß œ ! œ Ê œ œ "ß #
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24. f (x y) 6x 18x 0  6x(x 3) 0  x 0 or x 3; f (x y) 6y 6y 12 0  6(y 2)(y 1) 0x yß œ ! œ Ê ! œ Ê œ œ ß œ " ! œ Ê " ! œ
# #

  y 2 or y 1  the critical points are (0 2), (0 1), (3 2), and (3 1); f (x y) 12x 18,Ê œ ! œ Ê ß! ß ß! ß ß œ !xx

 f (x y) 12y 6, and f (x y) 0; for ( 2):  f (0 2) 18, f (0 2) 18, f (0 2) 0yy xy xx yy xyß œ " ß œ !ß! ß! œ ! ß! œ ! ß! œ

  f f f 324 0 and f 0  local  maximum of f(0 2) 20; for (0 1):  f (0 1) 18,Ê ! œ # $ Ê ß! œ ß ß œ !xx yy xx xxxy
#

 f (0 1) 18, f (0 1) 0  f f f 324 0  saddle point; for (3 2):  f (3 2) 18,yy xy xx yy xxxyß œ ß œ Ê ! œ ! $ Ê ß! ß! œ
#

 f (3 2) 18, f (3 2) 0  f f f 324 0  saddle point; for (3 1):  f (3 1) 18,yy xy xx yy xxxyß! œ ! ß! œ Ê ! œ ! $ Ê ß ß œ
#

 f (3 1) 18, f (3 1) 0  f f f 324 0 and f 0  local minimum of f(3 1) 34yy xy xx yy xxxyß œ ß œ Ê ! œ # # Ê ß œ !
#

25. f (x y) 4y 4x 0 and f (x y) 4x 4y 0  x y  x 1 x 0  x 0, 1, 1  the criticalx yß œ ! œ ß œ ! œ Ê œ Ê ! œ Ê œ ! Ê
$ $ #a b

 points are (0 0), (1 1), and ( 1 1); for ( ):  f (0 0) 12x 0, f (0 0) 12y 0,ß ß ! ß! !ß ! ß œ ! œ ß œ ! œk kxx yy0 0 0 0
# #

Ð ß Ñ Ð ß Ñ

 f (0 0) 4  f f f 16 0  saddle point; for (1 1):  f (1 1) 12, f (1 1) 12, f (1 1) 4xy xx yy xx yy xyxyß œ Ê ! œ ! $ Ê ß ß œ ! ß œ ! ß œ
#

  f f f 128 0 and f 0  local maximum of f(1 1) 2; for ( 1 1):  f ( 1 1) 12,Ê ! œ # $ Ê ß œ ! ß! ! ß! œ !xx yy xx xxxy
#

 f ( 1 1) 12, f ( 1 1) 4  f f f 128 0 and f 0  local maximum of f( 1 1) 2yy xy xx yy xxxy! ß! œ ! ! ß! œ Ê ! œ # $ Ê ! ß! œ
#

26. f (x y) 4x 4y 0 and f (x y) 4y 4x 0  x y  x x 0  x 1 x 0  x 0, 1, 1x yß œ " œ ß œ " œ Ê œ ! Ê ! " œ Ê ! œ Ê œ !
$ $ $ #a b

  the critical points are (0 0), (1 1), and ( 1 1); f (x y) 12x , f (x y) 12y , and f (x y) 4;Ê ß ß! ! ß ß œ ß œ ß œxx yy xy
# #

 for ( 0):  f (0 0) 0, f (0 0) 0, f (0 0) 4  f f f 16 0  saddle point; for (1 1):!ß ß œ ß œ ß œ Ê ! œ ! $ Ê ß!xx yy xy xx yy xy
#

 f (1 1) 12, f (1 1) 12, f (1 1) 4  f f f 128 0 and f 0  local minimum ofxx yy xy xx yy xxxyß! œ ß! œ ß! œ Ê ! œ # # Ê
#

 f( 1) 2; for ( 1 1):  f ( 1 1) 12, f ( 1 1) 12, f ( 1 1) 4  f f f 128 0 and"ß! œ ! ! ß ! ß œ ! ß œ ! ß œ Ê ! œ #xx yy xy xx yy xy
#

 f 0  local minimum of f( 1 1) 2xx # Ê ! ß œ !

27. f (x y) 0 and f (x y) 0  x 0 and y 0  the critical point is ( 0);x y
2x

x y 1 x y 1
2y

ß œ œ ß œ œ Ê œ œ Ê !ß
"

# " # "

"

a b a b

 f , f , f ; f ( ) 2, f (0 0) 2, f (0 0) 0xx yy xy xx yy xy
4x 2y 2 2x 4y 2 8xy
x y 1 x y 1 x y 1

œ œ œ !ß ! œ ! ß œ ! ß œ
" # " # #

# " # " # "a b a b a b

  f f f 4 0 and f 0  local maximum of f(0 0) 1Ê ! œ # $ Ê ß œ !xx yy xxxy
#

28. f (x y) y 0 and f (x y) x 0  x 1 and y 1  the critical point is (1 1);x y
1 1
x yß œ ! " œ ß œ ! œ Ê œ œ Ê ß

 f , f , f 1; f (1 1) 2, f (1 1) 2, f (1 1) 1  f f f 3 0 and f 2  localxx yy xy xx yy xy xx yy xx
2 2
x y xyœ œ œ ß œ ß œ ß œ Ê ! œ # # Ê

#

 minimum of f(1 1) 3ß œ

29. f (x y) y cos x 0 and f (x y) sin x 0  x n , n an integer, and y 0  the critical points arex yß œ œ ß œ œ Ê œ œ Ê1

 (n 0), n an integer (Note:  cos x and sin x cannot both be 0 for the same x, so sin x must be 0 and y 0);1ß œ

 f y sin x, f 0, f cos x; f (n 0) 0, f (n 0) 0, f (n 0) 1 if n is even and f (n 0) 1xx yy xy xx yy xy xyœ ! œ œ ß œ ß œ ß œ ß œ !1 1 1 1

 if n is odd  f f f 1 0  saddle point.Ê ! œ ! $ Êxx yy xy
#

30. f (x y) 2e  cos y 0 and f (x y) e  sin y 0  no solution since e 0 for any x and the functionsx y
2x 2x 2x

ß œ œ ß œ ! œ Ê Á

 cos y and sin y cannot equal 0 for the same y  no critical points  no extrema and no saddle pointsÊ Ê

31. (i) On OA, f(x y) f(0 y) y 4y 1 on 0 y 2;ß œ ß œ ! " Ÿ Ÿ
#

 f (0 y) 2y 4 0  y 2;w
ß œ ! œ Ê œ

 f(0 0) 1 and f( ) 3ß œ !ß # œ !

 (ii) On AB, f(x y) f(x 2) 2x 4x 3 on 0 x 1;ß œ ß œ ! ! Ÿ Ÿ
#

 f (x 2) 4x 4 0  x 1;w
ß œ ! œ Ê œ

 f(0 2) 3 and f(1 ) 5ß œ ! ß # œ !

 (iii) On OB, f(x y) f(x 2x) 6x 12x 1 onß œ ß œ ! "
#

 0 x 1; endpoint values have been found above;Ÿ Ÿ

 

 f (x 2x) 12x 12 0  x 1 and y 2, but ( ) is not an interior point of OBw
ß œ ! œ Ê œ œ "ß #

(0, 0)
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24. f (x y) 6x 18x 0  6x(x 3) 0  x 0 or x 3; f (x y) 6y 6y 12 0  6(y 2)(y 1) 0x yß œ ! œ Ê ! œ Ê œ œ ß œ " ! œ Ê " ! œ
# #

  y 2 or y 1  the critical points are (0 2), (0 1), (3 2), and (3 1); f (x y) 12x 18,Ê œ ! œ Ê ß! ß ß! ß ß œ !xx

 f (x y) 12y 6, and f (x y) 0; for ( 2):  f (0 2) 18, f (0 2) 18, f (0 2) 0yy xy xx yy xyß œ " ß œ !ß! ß! œ ! ß! œ ! ß! œ

  f f f 324 0 and f 0  local  maximum of f(0 2) 20; for (0 1):  f (0 1) 18,Ê ! œ # $ Ê ß! œ ß ß œ !xx yy xx xxxy
#

 f (0 1) 18, f (0 1) 0  f f f 324 0  saddle point; for (3 2):  f (3 2) 18,yy xy xx yy xxxyß œ ß œ Ê ! œ ! $ Ê ß! ß! œ
#

 f (3 2) 18, f (3 2) 0  f f f 324 0  saddle point; for (3 1):  f (3 1) 18,yy xy xx yy xxxyß! œ ! ß! œ Ê ! œ ! $ Ê ß ß œ
#

 f (3 1) 18, f (3 1) 0  f f f 324 0 and f 0  local minimum of f(3 1) 34yy xy xx yy xxxyß œ ß œ Ê ! œ # # Ê ß œ !
#

25. f (x y) 4y 4x 0 and f (x y) 4x 4y 0  x y  x 1 x 0  x 0, 1, 1  the criticalx yß œ ! œ ß œ ! œ Ê œ Ê ! œ Ê œ ! Ê
$ $ #a b

 points are (0 0), (1 1), and ( 1 1); for ( ):  f (0 0) 12x 0, f (0 0) 12y 0,ß ß ! ß! !ß ! ß œ ! œ ß œ ! œk kxx yy0 0 0 0
# #

Ð ß Ñ Ð ß Ñ

 f (0 0) 4  f f f 16 0  saddle point; for (1 1):  f (1 1) 12, f (1 1) 12, f (1 1) 4xy xx yy xx yy xyxyß œ Ê ! œ ! $ Ê ß ß œ ! ß œ ! ß œ
#

  f f f 128 0 and f 0  local maximum of f(1 1) 2; for ( 1 1):  f ( 1 1) 12,Ê ! œ # $ Ê ß œ ! ß! ! ß! œ !xx yy xx xxxy
#

 f ( 1 1) 12, f ( 1 1) 4  f f f 128 0 and f 0  local maximum of f( 1 1) 2yy xy xx yy xxxy! ß! œ ! ! ß! œ Ê ! œ # $ Ê ! ß! œ
#

26. f (x y) 4x 4y 0 and f (x y) 4y 4x 0  x y  x x 0  x 1 x 0  x 0, 1, 1x yß œ " œ ß œ " œ Ê œ ! Ê ! " œ Ê ! œ Ê œ !
$ $ $ #a b

  the critical points are (0 0), (1 1), and ( 1 1); f (x y) 12x , f (x y) 12y , and f (x y) 4;Ê ß ß! ! ß ß œ ß œ ß œxx yy xy
# #

 for ( 0):  f (0 0) 0, f (0 0) 0, f (0 0) 4  f f f 16 0  saddle point; for (1 1):!ß ß œ ß œ ß œ Ê ! œ ! $ Ê ß!xx yy xy xx yy xy
#

 f (1 1) 12, f (1 1) 12, f (1 1) 4  f f f 128 0 and f 0  local minimum ofxx yy xy xx yy xxxyß! œ ß! œ ß! œ Ê ! œ # # Ê
#

 f( 1) 2; for ( 1 1):  f ( 1 1) 12, f ( 1 1) 12, f ( 1 1) 4  f f f 128 0 and"ß! œ ! ! ß ! ß œ ! ß œ ! ß œ Ê ! œ #xx yy xy xx yy xy
#

 f 0  local minimum of f( 1 1) 2xx # Ê ! ß œ !

27. f (x y) 0 and f (x y) 0  x 0 and y 0  the critical point is ( 0);x y
2x

x y 1 x y 1
2y

ß œ œ ß œ œ Ê œ œ Ê !ß
"

# " # "

"

a b a b

 f , f , f ; f ( ) 2, f (0 0) 2, f (0 0) 0xx yy xy xx yy xy
4x 2y 2 2x 4y 2 8xy
x y 1 x y 1 x y 1

œ œ œ !ß ! œ ! ß œ ! ß œ
" # " # #

# " # " # "a b a b a b

  f f f 4 0 and f 0  local maximum of f(0 0) 1Ê ! œ # $ Ê ß œ !xx yy xxxy
#

28. f (x y) y 0 and f (x y) x 0  x 1 and y 1  the critical point is (1 1);x y
1 1
x yß œ ! " œ ß œ ! œ Ê œ œ Ê ß

 f , f , f 1; f (1 1) 2, f (1 1) 2, f (1 1) 1  f f f 3 0 and f 2  localxx yy xy xx yy xy xx yy xx
2 2
x y xyœ œ œ ß œ ß œ ß œ Ê ! œ # # Ê

#

 minimum of f(1 1) 3ß œ

29. f (x y) y cos x 0 and f (x y) sin x 0  x n , n an integer, and y 0  the critical points arex yß œ œ ß œ œ Ê œ œ Ê1

 (n 0), n an integer (Note:  cos x and sin x cannot both be 0 for the same x, so sin x must be 0 and y 0);1ß œ

 f y sin x, f 0, f cos x; f (n 0) 0, f (n 0) 0, f (n 0) 1 if n is even and f (n 0) 1xx yy xy xx yy xy xyœ ! œ œ ß œ ß œ ß œ ß œ !1 1 1 1

 if n is odd  f f f 1 0  saddle point.Ê ! œ ! $ Êxx yy xy
#

30. f (x y) 2e  cos y 0 and f (x y) e  sin y 0  no solution since e 0 for any x and the functionsx y
2x 2x 2x

ß œ œ ß œ ! œ Ê Á

 cos y and sin y cannot equal 0 for the same y  no critical points  no extrema and no saddle pointsÊ Ê

31. (i) On OA, f(x y) f(0 y) y 4y 1 on 0 y 2;ß œ ß œ ! " Ÿ Ÿ
#

 f (0 y) 2y 4 0  y 2;w
ß œ ! œ Ê œ

 f(0 0) 1 and f( ) 3ß œ !ß # œ !

 (ii) On AB, f(x y) f(x 2) 2x 4x 3 on 0 x 1;ß œ ß œ ! ! Ÿ Ÿ
#

 f (x 2) 4x 4 0  x 1;w
ß œ ! œ Ê œ

 f(0 2) 3 and f(1 ) 5ß œ ! ß # œ !

 (iii) On OB, f(x y) f(x 2x) 6x 12x 1 onß œ ß œ ! "
#

 0 x 1; endpoint values have been found above;Ÿ Ÿ

 

 f (x 2x) 12x 12 0  x 1 and y 2, but ( ) is not an interior point of OBw
ß œ ! œ Ê œ œ "ß #
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24. f (x y) 6x 18x 0  6x(x 3) 0  x 0 or x 3; f (x y) 6y 6y 12 0  6(y 2)(y 1) 0x yß œ ! œ Ê ! œ Ê œ œ ß œ " ! œ Ê " ! œ
# #

  y 2 or y 1  the critical points are (0 2), (0 1), (3 2), and (3 1); f (x y) 12x 18,Ê œ ! œ Ê ß! ß ß! ß ß œ !xx

 f (x y) 12y 6, and f (x y) 0; for ( 2):  f (0 2) 18, f (0 2) 18, f (0 2) 0yy xy xx yy xyß œ " ß œ !ß! ß! œ ! ß! œ ! ß! œ

  f f f 324 0 and f 0  local  maximum of f(0 2) 20; for (0 1):  f (0 1) 18,Ê ! œ # $ Ê ß! œ ß ß œ !xx yy xx xxxy
#

 f (0 1) 18, f (0 1) 0  f f f 324 0  saddle point; for (3 2):  f (3 2) 18,yy xy xx yy xxxyß œ ß œ Ê ! œ ! $ Ê ß! ß! œ
#

 f (3 2) 18, f (3 2) 0  f f f 324 0  saddle point; for (3 1):  f (3 1) 18,yy xy xx yy xxxyß! œ ! ß! œ Ê ! œ ! $ Ê ß ß œ
#

 f (3 1) 18, f (3 1) 0  f f f 324 0 and f 0  local minimum of f(3 1) 34yy xy xx yy xxxyß œ ß œ Ê ! œ # # Ê ß œ !
#

25. f (x y) 4y 4x 0 and f (x y) 4x 4y 0  x y  x 1 x 0  x 0, 1, 1  the criticalx yß œ ! œ ß œ ! œ Ê œ Ê ! œ Ê œ ! Ê
$ $ #a b

 points are (0 0), (1 1), and ( 1 1); for ( ):  f (0 0) 12x 0, f (0 0) 12y 0,ß ß ! ß! !ß ! ß œ ! œ ß œ ! œk kxx yy0 0 0 0
# #

Ð ß Ñ Ð ß Ñ

 f (0 0) 4  f f f 16 0  saddle point; for (1 1):  f (1 1) 12, f (1 1) 12, f (1 1) 4xy xx yy xx yy xyxyß œ Ê ! œ ! $ Ê ß ß œ ! ß œ ! ß œ
#

  f f f 128 0 and f 0  local maximum of f(1 1) 2; for ( 1 1):  f ( 1 1) 12,Ê ! œ # $ Ê ß œ ! ß! ! ß! œ !xx yy xx xxxy
#

 f ( 1 1) 12, f ( 1 1) 4  f f f 128 0 and f 0  local maximum of f( 1 1) 2yy xy xx yy xxxy! ß! œ ! ! ß! œ Ê ! œ # $ Ê ! ß! œ
#

26. f (x y) 4x 4y 0 and f (x y) 4y 4x 0  x y  x x 0  x 1 x 0  x 0, 1, 1x yß œ " œ ß œ " œ Ê œ ! Ê ! " œ Ê ! œ Ê œ !
$ $ $ #a b

  the critical points are (0 0), (1 1), and ( 1 1); f (x y) 12x , f (x y) 12y , and f (x y) 4;Ê ß ß! ! ß ß œ ß œ ß œxx yy xy
# #

 for ( 0):  f (0 0) 0, f (0 0) 0, f (0 0) 4  f f f 16 0  saddle point; for (1 1):!ß ß œ ß œ ß œ Ê ! œ ! $ Ê ß!xx yy xy xx yy xy
#

 f (1 1) 12, f (1 1) 12, f (1 1) 4  f f f 128 0 and f 0  local minimum ofxx yy xy xx yy xxxyß! œ ß! œ ß! œ Ê ! œ # # Ê
#

 f( 1) 2; for ( 1 1):  f ( 1 1) 12, f ( 1 1) 12, f ( 1 1) 4  f f f 128 0 and"ß! œ ! ! ß ! ß œ ! ß œ ! ß œ Ê ! œ #xx yy xy xx yy xy
#

 f 0  local minimum of f( 1 1) 2xx # Ê ! ß œ !

27. f (x y) 0 and f (x y) 0  x 0 and y 0  the critical point is ( 0);x y
2x

x y 1 x y 1
2y

ß œ œ ß œ œ Ê œ œ Ê !ß
"

# " # "

"

a b a b

 f , f , f ; f ( ) 2, f (0 0) 2, f (0 0) 0xx yy xy xx yy xy
4x 2y 2 2x 4y 2 8xy
x y 1 x y 1 x y 1

œ œ œ !ß ! œ ! ß œ ! ß œ
" # " # #

# " # " # "a b a b a b

  f f f 4 0 and f 0  local maximum of f(0 0) 1Ê ! œ # $ Ê ß œ !xx yy xxxy
#

28. f (x y) y 0 and f (x y) x 0  x 1 and y 1  the critical point is (1 1);x y
1 1
x yß œ ! " œ ß œ ! œ Ê œ œ Ê ß

 f , f , f 1; f (1 1) 2, f (1 1) 2, f (1 1) 1  f f f 3 0 and f 2  localxx yy xy xx yy xy xx yy xx
2 2
x y xyœ œ œ ß œ ß œ ß œ Ê ! œ # # Ê

#

 minimum of f(1 1) 3ß œ

29. f (x y) y cos x 0 and f (x y) sin x 0  x n , n an integer, and y 0  the critical points arex yß œ œ ß œ œ Ê œ œ Ê1

 (n 0), n an integer (Note:  cos x and sin x cannot both be 0 for the same x, so sin x must be 0 and y 0);1ß œ

 f y sin x, f 0, f cos x; f (n 0) 0, f (n 0) 0, f (n 0) 1 if n is even and f (n 0) 1xx yy xy xx yy xy xyœ ! œ œ ß œ ß œ ß œ ß œ !1 1 1 1

 if n is odd  f f f 1 0  saddle point.Ê ! œ ! $ Êxx yy xy
#

30. f (x y) 2e  cos y 0 and f (x y) e  sin y 0  no solution since e 0 for any x and the functionsx y
2x 2x 2x

ß œ œ ß œ ! œ Ê Á

 cos y and sin y cannot equal 0 for the same y  no critical points  no extrema and no saddle pointsÊ Ê

31. (i) On OA, f(x y) f(0 y) y 4y 1 on 0 y 2;ß œ ß œ ! " Ÿ Ÿ
#

 f (0 y) 2y 4 0  y 2;w
ß œ ! œ Ê œ

 f(0 0) 1 and f( ) 3ß œ !ß # œ !

 (ii) On AB, f(x y) f(x 2) 2x 4x 3 on 0 x 1;ß œ ß œ ! ! Ÿ Ÿ
#

 f (x 2) 4x 4 0  x 1;w
ß œ ! œ Ê œ

 f(0 2) 3 and f(1 ) 5ß œ ! ß # œ !

 (iii) On OB, f(x y) f(x 2x) 6x 12x 1 onß œ ß œ ! "
#

 0 x 1; endpoint values have been found above;Ÿ Ÿ

 

 f (x 2x) 12x 12 0  x 1 and y 2, but ( ) is not an interior point of OBw
ß œ ! œ Ê œ œ "ß #
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24. f (x y) 6x 18x 0  6x(x 3) 0  x 0 or x 3; f (x y) 6y 6y 12 0  6(y 2)(y 1) 0x yß œ ! œ Ê ! œ Ê œ œ ß œ " ! œ Ê " ! œ
# #

  y 2 or y 1  the critical points are (0 2), (0 1), (3 2), and (3 1); f (x y) 12x 18,Ê œ ! œ Ê ß! ß ß! ß ß œ !xx

 f (x y) 12y 6, and f (x y) 0; for ( 2):  f (0 2) 18, f (0 2) 18, f (0 2) 0yy xy xx yy xyß œ " ß œ !ß! ß! œ ! ß! œ ! ß! œ

  f f f 324 0 and f 0  local  maximum of f(0 2) 20; for (0 1):  f (0 1) 18,Ê ! œ # $ Ê ß! œ ß ß œ !xx yy xx xxxy
#

 f (0 1) 18, f (0 1) 0  f f f 324 0  saddle point; for (3 2):  f (3 2) 18,yy xy xx yy xxxyß œ ß œ Ê ! œ ! $ Ê ß! ß! œ
#

 f (3 2) 18, f (3 2) 0  f f f 324 0  saddle point; for (3 1):  f (3 1) 18,yy xy xx yy xxxyß! œ ! ß! œ Ê ! œ ! $ Ê ß ß œ
#

 f (3 1) 18, f (3 1) 0  f f f 324 0 and f 0  local minimum of f(3 1) 34yy xy xx yy xxxyß œ ß œ Ê ! œ # # Ê ß œ !
#

25. f (x y) 4y 4x 0 and f (x y) 4x 4y 0  x y  x 1 x 0  x 0, 1, 1  the criticalx yß œ ! œ ß œ ! œ Ê œ Ê ! œ Ê œ ! Ê
$ $ #a b

 points are (0 0), (1 1), and ( 1 1); for ( ):  f (0 0) 12x 0, f (0 0) 12y 0,ß ß ! ß! !ß ! ß œ ! œ ß œ ! œk kxx yy0 0 0 0
# #

Ð ß Ñ Ð ß Ñ

 f (0 0) 4  f f f 16 0  saddle point; for (1 1):  f (1 1) 12, f (1 1) 12, f (1 1) 4xy xx yy xx yy xyxyß œ Ê ! œ ! $ Ê ß ß œ ! ß œ ! ß œ
#

  f f f 128 0 and f 0  local maximum of f(1 1) 2; for ( 1 1):  f ( 1 1) 12,Ê ! œ # $ Ê ß œ ! ß! ! ß! œ !xx yy xx xxxy
#

 f ( 1 1) 12, f ( 1 1) 4  f f f 128 0 and f 0  local maximum of f( 1 1) 2yy xy xx yy xxxy! ß! œ ! ! ß! œ Ê ! œ # $ Ê ! ß! œ
#

26. f (x y) 4x 4y 0 and f (x y) 4y 4x 0  x y  x x 0  x 1 x 0  x 0, 1, 1x yß œ " œ ß œ " œ Ê œ ! Ê ! " œ Ê ! œ Ê œ !
$ $ $ #a b

  the critical points are (0 0), (1 1), and ( 1 1); f (x y) 12x , f (x y) 12y , and f (x y) 4;Ê ß ß! ! ß ß œ ß œ ß œxx yy xy
# #

 for ( 0):  f (0 0) 0, f (0 0) 0, f (0 0) 4  f f f 16 0  saddle point; for (1 1):!ß ß œ ß œ ß œ Ê ! œ ! $ Ê ß!xx yy xy xx yy xy
#

 f (1 1) 12, f (1 1) 12, f (1 1) 4  f f f 128 0 and f 0  local minimum ofxx yy xy xx yy xxxyß! œ ß! œ ß! œ Ê ! œ # # Ê
#

 f( 1) 2; for ( 1 1):  f ( 1 1) 12, f ( 1 1) 12, f ( 1 1) 4  f f f 128 0 and"ß! œ ! ! ß ! ß œ ! ß œ ! ß œ Ê ! œ #xx yy xy xx yy xy
#

 f 0  local minimum of f( 1 1) 2xx # Ê ! ß œ !

27. f (x y) 0 and f (x y) 0  x 0 and y 0  the critical point is ( 0);x y
2x

x y 1 x y 1
2y

ß œ œ ß œ œ Ê œ œ Ê !ß
"

# " # "

"

a b a b

 f , f , f ; f ( ) 2, f (0 0) 2, f (0 0) 0xx yy xy xx yy xy
4x 2y 2 2x 4y 2 8xy
x y 1 x y 1 x y 1

œ œ œ !ß ! œ ! ß œ ! ß œ
" # " # #

# " # " # "a b a b a b

  f f f 4 0 and f 0  local maximum of f(0 0) 1Ê ! œ # $ Ê ß œ !xx yy xxxy
#

28. f (x y) y 0 and f (x y) x 0  x 1 and y 1  the critical point is (1 1);x y
1 1
x yß œ ! " œ ß œ ! œ Ê œ œ Ê ß

 f , f , f 1; f (1 1) 2, f (1 1) 2, f (1 1) 1  f f f 3 0 and f 2  localxx yy xy xx yy xy xx yy xx
2 2
x y xyœ œ œ ß œ ß œ ß œ Ê ! œ # # Ê

#

 minimum of f(1 1) 3ß œ

29. f (x y) y cos x 0 and f (x y) sin x 0  x n , n an integer, and y 0  the critical points arex yß œ œ ß œ œ Ê œ œ Ê1

 (n 0), n an integer (Note:  cos x and sin x cannot both be 0 for the same x, so sin x must be 0 and y 0);1ß œ

 f y sin x, f 0, f cos x; f (n 0) 0, f (n 0) 0, f (n 0) 1 if n is even and f (n 0) 1xx yy xy xx yy xy xyœ ! œ œ ß œ ß œ ß œ ß œ !1 1 1 1

 if n is odd  f f f 1 0  saddle point.Ê ! œ ! $ Êxx yy xy
#

30. f (x y) 2e  cos y 0 and f (x y) e  sin y 0  no solution since e 0 for any x and the functionsx y
2x 2x 2x

ß œ œ ß œ ! œ Ê Á

 cos y and sin y cannot equal 0 for the same y  no critical points  no extrema and no saddle pointsÊ Ê

31. (i) On OA, f(x y) f(0 y) y 4y 1 on 0 y 2;ß œ ß œ ! " Ÿ Ÿ
#

 f (0 y) 2y 4 0  y 2;w
ß œ ! œ Ê œ

 f(0 0) 1 and f( ) 3ß œ !ß # œ !

 (ii) On AB, f(x y) f(x 2) 2x 4x 3 on 0 x 1;ß œ ß œ ! ! Ÿ Ÿ
#

 f (x 2) 4x 4 0  x 1;w
ß œ ! œ Ê œ

 f(0 2) 3 and f(1 ) 5ß œ ! ß # œ !

 (iii) On OB, f(x y) f(x 2x) 6x 12x 1 onß œ ß œ ! "
#

 0 x 1; endpoint values have been found above;Ÿ Ÿ

 

 f (x 2x) 12x 12 0  x 1 and y 2, but ( ) is not an interior point of OBw
ß œ ! œ Ê œ œ "ß #

900 Chapter 14 Partial Derivatives

24. f (x y) 6x 18x 0  6x(x 3) 0  x 0 or x 3; f (x y) 6y 6y 12 0  6(y 2)(y 1) 0x yß œ ! œ Ê ! œ Ê œ œ ß œ " ! œ Ê " ! œ
# #

  y 2 or y 1  the critical points are (0 2), (0 1), (3 2), and (3 1); f (x y) 12x 18,Ê œ ! œ Ê ß! ß ß! ß ß œ !xx

 f (x y) 12y 6, and f (x y) 0; for ( 2):  f (0 2) 18, f (0 2) 18, f (0 2) 0yy xy xx yy xyß œ " ß œ !ß! ß! œ ! ß! œ ! ß! œ

  f f f 324 0 and f 0  local  maximum of f(0 2) 20; for (0 1):  f (0 1) 18,Ê ! œ # $ Ê ß! œ ß ß œ !xx yy xx xxxy
#

 f (0 1) 18, f (0 1) 0  f f f 324 0  saddle point; for (3 2):  f (3 2) 18,yy xy xx yy xxxyß œ ß œ Ê ! œ ! $ Ê ß! ß! œ
#

 f (3 2) 18, f (3 2) 0  f f f 324 0  saddle point; for (3 1):  f (3 1) 18,yy xy xx yy xxxyß! œ ! ß! œ Ê ! œ ! $ Ê ß ß œ
#

 f (3 1) 18, f (3 1) 0  f f f 324 0 and f 0  local minimum of f(3 1) 34yy xy xx yy xxxyß œ ß œ Ê ! œ # # Ê ß œ !
#

25. f (x y) 4y 4x 0 and f (x y) 4x 4y 0  x y  x 1 x 0  x 0, 1, 1  the criticalx yß œ ! œ ß œ ! œ Ê œ Ê ! œ Ê œ ! Ê
$ $ #a b

 points are (0 0), (1 1), and ( 1 1); for ( ):  f (0 0) 12x 0, f (0 0) 12y 0,ß ß ! ß! !ß ! ß œ ! œ ß œ ! œk kxx yy0 0 0 0
# #

Ð ß Ñ Ð ß Ñ

 f (0 0) 4  f f f 16 0  saddle point; for (1 1):  f (1 1) 12, f (1 1) 12, f (1 1) 4xy xx yy xx yy xyxyß œ Ê ! œ ! $ Ê ß ß œ ! ß œ ! ß œ
#

  f f f 128 0 and f 0  local maximum of f(1 1) 2; for ( 1 1):  f ( 1 1) 12,Ê ! œ # $ Ê ß œ ! ß! ! ß! œ !xx yy xx xxxy
#

 f ( 1 1) 12, f ( 1 1) 4  f f f 128 0 and f 0  local maximum of f( 1 1) 2yy xy xx yy xxxy! ß! œ ! ! ß! œ Ê ! œ # $ Ê ! ß! œ
#

26. f (x y) 4x 4y 0 and f (x y) 4y 4x 0  x y  x x 0  x 1 x 0  x 0, 1, 1x yß œ " œ ß œ " œ Ê œ ! Ê ! " œ Ê ! œ Ê œ !
$ $ $ #a b

  the critical points are (0 0), (1 1), and ( 1 1); f (x y) 12x , f (x y) 12y , and f (x y) 4;Ê ß ß! ! ß ß œ ß œ ß œxx yy xy
# #

 for ( 0):  f (0 0) 0, f (0 0) 0, f (0 0) 4  f f f 16 0  saddle point; for (1 1):!ß ß œ ß œ ß œ Ê ! œ ! $ Ê ß!xx yy xy xx yy xy
#

 f (1 1) 12, f (1 1) 12, f (1 1) 4  f f f 128 0 and f 0  local minimum ofxx yy xy xx yy xxxyß! œ ß! œ ß! œ Ê ! œ # # Ê
#

 f( 1) 2; for ( 1 1):  f ( 1 1) 12, f ( 1 1) 12, f ( 1 1) 4  f f f 128 0 and"ß! œ ! ! ß ! ß œ ! ß œ ! ß œ Ê ! œ #xx yy xy xx yy xy
#

 f 0  local minimum of f( 1 1) 2xx # Ê ! ß œ !

27. f (x y) 0 and f (x y) 0  x 0 and y 0  the critical point is ( 0);x y
2x

x y 1 x y 1
2y

ß œ œ ß œ œ Ê œ œ Ê !ß
"

# " # "

"

a b a b

 f , f , f ; f ( ) 2, f (0 0) 2, f (0 0) 0xx yy xy xx yy xy
4x 2y 2 2x 4y 2 8xy
x y 1 x y 1 x y 1

œ œ œ !ß ! œ ! ß œ ! ß œ
" # " # #

# " # " # "a b a b a b

  f f f 4 0 and f 0  local maximum of f(0 0) 1Ê ! œ # $ Ê ß œ !xx yy xxxy
#

28. f (x y) y 0 and f (x y) x 0  x 1 and y 1  the critical point is (1 1);x y
1 1
x yß œ ! " œ ß œ ! œ Ê œ œ Ê ß

 f , f , f 1; f (1 1) 2, f (1 1) 2, f (1 1) 1  f f f 3 0 and f 2  localxx yy xy xx yy xy xx yy xx
2 2
x y xyœ œ œ ß œ ß œ ß œ Ê ! œ # # Ê

#

 minimum of f(1 1) 3ß œ

29. f (x y) y cos x 0 and f (x y) sin x 0  x n , n an integer, and y 0  the critical points arex yß œ œ ß œ œ Ê œ œ Ê1

 (n 0), n an integer (Note:  cos x and sin x cannot both be 0 for the same x, so sin x must be 0 and y 0);1ß œ

 f y sin x, f 0, f cos x; f (n 0) 0, f (n 0) 0, f (n 0) 1 if n is even and f (n 0) 1xx yy xy xx yy xy xyœ ! œ œ ß œ ß œ ß œ ß œ !1 1 1 1

 if n is odd  f f f 1 0  saddle point.Ê ! œ ! $ Êxx yy xy
#

30. f (x y) 2e  cos y 0 and f (x y) e  sin y 0  no solution since e 0 for any x and the functionsx y
2x 2x 2x

ß œ œ ß œ ! œ Ê Á

 cos y and sin y cannot equal 0 for the same y  no critical points  no extrema and no saddle pointsÊ Ê

31. (i) On OA, f(x y) f(0 y) y 4y 1 on 0 y 2;ß œ ß œ ! " Ÿ Ÿ
#

 f (0 y) 2y 4 0  y 2;w
ß œ ! œ Ê œ

 f(0 0) 1 and f( ) 3ß œ !ß # œ !

 (ii) On AB, f(x y) f(x 2) 2x 4x 3 on 0 x 1;ß œ ß œ ! ! Ÿ Ÿ
#

 f (x 2) 4x 4 0  x 1;w
ß œ ! œ Ê œ

 f(0 2) 3 and f(1 ) 5ß œ ! ß # œ !

 (iii) On OB, f(x y) f(x 2x) 6x 12x 1 onß œ ß œ ! "
#

 0 x 1; endpoint values have been found above;Ÿ Ÿ

 

 f (x 2x) 12x 12 0  x 1 and y 2, but ( ) is not an interior point of OBw
ß œ ! œ Ê œ œ "ß #
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24. f (x y) 6x 18x 0  6x(x 3) 0  x 0 or x 3; f (x y) 6y 6y 12 0  6(y 2)(y 1) 0x yß œ ! œ Ê ! œ Ê œ œ ß œ " ! œ Ê " ! œ
# #

  y 2 or y 1  the critical points are (0 2), (0 1), (3 2), and (3 1); f (x y) 12x 18,Ê œ ! œ Ê ß! ß ß! ß ß œ !xx

 f (x y) 12y 6, and f (x y) 0; for ( 2):  f (0 2) 18, f (0 2) 18, f (0 2) 0yy xy xx yy xyß œ " ß œ !ß! ß! œ ! ß! œ ! ß! œ

  f f f 324 0 and f 0  local  maximum of f(0 2) 20; for (0 1):  f (0 1) 18,Ê ! œ # $ Ê ß! œ ß ß œ !xx yy xx xxxy
#

 f (0 1) 18, f (0 1) 0  f f f 324 0  saddle point; for (3 2):  f (3 2) 18,yy xy xx yy xxxyß œ ß œ Ê ! œ ! $ Ê ß! ß! œ
#

 f (3 2) 18, f (3 2) 0  f f f 324 0  saddle point; for (3 1):  f (3 1) 18,yy xy xx yy xxxyß! œ ! ß! œ Ê ! œ ! $ Ê ß ß œ
#

 f (3 1) 18, f (3 1) 0  f f f 324 0 and f 0  local minimum of f(3 1) 34yy xy xx yy xxxyß œ ß œ Ê ! œ # # Ê ß œ !
#

25. f (x y) 4y 4x 0 and f (x y) 4x 4y 0  x y  x 1 x 0  x 0, 1, 1  the criticalx yß œ ! œ ß œ ! œ Ê œ Ê ! œ Ê œ ! Ê
$ $ #a b

 points are (0 0), (1 1), and ( 1 1); for ( ):  f (0 0) 12x 0, f (0 0) 12y 0,ß ß ! ß! !ß ! ß œ ! œ ß œ ! œk kxx yy0 0 0 0
# #

Ð ß Ñ Ð ß Ñ

 f (0 0) 4  f f f 16 0  saddle point; for (1 1):  f (1 1) 12, f (1 1) 12, f (1 1) 4xy xx yy xx yy xyxyß œ Ê ! œ ! $ Ê ß ß œ ! ß œ ! ß œ
#

  f f f 128 0 and f 0  local maximum of f(1 1) 2; for ( 1 1):  f ( 1 1) 12,Ê ! œ # $ Ê ß œ ! ß! ! ß! œ !xx yy xx xxxy
#

 f ( 1 1) 12, f ( 1 1) 4  f f f 128 0 and f 0  local maximum of f( 1 1) 2yy xy xx yy xxxy! ß! œ ! ! ß! œ Ê ! œ # $ Ê ! ß! œ
#

26. f (x y) 4x 4y 0 and f (x y) 4y 4x 0  x y  x x 0  x 1 x 0  x 0, 1, 1x yß œ " œ ß œ " œ Ê œ ! Ê ! " œ Ê ! œ Ê œ !
$ $ $ #a b

  the critical points are (0 0), (1 1), and ( 1 1); f (x y) 12x , f (x y) 12y , and f (x y) 4;Ê ß ß! ! ß ß œ ß œ ß œxx yy xy
# #

 for ( 0):  f (0 0) 0, f (0 0) 0, f (0 0) 4  f f f 16 0  saddle point; for (1 1):!ß ß œ ß œ ß œ Ê ! œ ! $ Ê ß!xx yy xy xx yy xy
#

 f (1 1) 12, f (1 1) 12, f (1 1) 4  f f f 128 0 and f 0  local minimum ofxx yy xy xx yy xxxyß! œ ß! œ ß! œ Ê ! œ # # Ê
#

 f( 1) 2; for ( 1 1):  f ( 1 1) 12, f ( 1 1) 12, f ( 1 1) 4  f f f 128 0 and"ß! œ ! ! ß ! ß œ ! ß œ ! ß œ Ê ! œ #xx yy xy xx yy xy
#

 f 0  local minimum of f( 1 1) 2xx # Ê ! ß œ !

27. f (x y) 0 and f (x y) 0  x 0 and y 0  the critical point is ( 0);x y
2x

x y 1 x y 1
2y

ß œ œ ß œ œ Ê œ œ Ê !ß
"

# " # "

"

a b a b

 f , f , f ; f ( ) 2, f (0 0) 2, f (0 0) 0xx yy xy xx yy xy
4x 2y 2 2x 4y 2 8xy
x y 1 x y 1 x y 1

œ œ œ !ß ! œ ! ß œ ! ß œ
" # " # #

# " # " # "a b a b a b

  f f f 4 0 and f 0  local maximum of f(0 0) 1Ê ! œ # $ Ê ß œ !xx yy xxxy
#

28. f (x y) y 0 and f (x y) x 0  x 1 and y 1  the critical point is (1 1);x y
1 1
x yß œ ! " œ ß œ ! œ Ê œ œ Ê ß

 f , f , f 1; f (1 1) 2, f (1 1) 2, f (1 1) 1  f f f 3 0 and f 2  localxx yy xy xx yy xy xx yy xx
2 2
x y xyœ œ œ ß œ ß œ ß œ Ê ! œ # # Ê

#

 minimum of f(1 1) 3ß œ

29. f (x y) y cos x 0 and f (x y) sin x 0  x n , n an integer, and y 0  the critical points arex yß œ œ ß œ œ Ê œ œ Ê1

 (n 0), n an integer (Note:  cos x and sin x cannot both be 0 for the same x, so sin x must be 0 and y 0);1ß œ

 f y sin x, f 0, f cos x; f (n 0) 0, f (n 0) 0, f (n 0) 1 if n is even and f (n 0) 1xx yy xy xx yy xy xyœ ! œ œ ß œ ß œ ß œ ß œ !1 1 1 1

 if n is odd  f f f 1 0  saddle point.Ê ! œ ! $ Êxx yy xy
#

30. f (x y) 2e  cos y 0 and f (x y) e  sin y 0  no solution since e 0 for any x and the functionsx y
2x 2x 2x

ß œ œ ß œ ! œ Ê Á

 cos y and sin y cannot equal 0 for the same y  no critical points  no extrema and no saddle pointsÊ Ê

31. (i) On OA, f(x y) f(0 y) y 4y 1 on 0 y 2;ß œ ß œ ! " Ÿ Ÿ
#

 f (0 y) 2y 4 0  y 2;w
ß œ ! œ Ê œ

 f(0 0) 1 and f( ) 3ß œ !ß # œ !

 (ii) On AB, f(x y) f(x 2) 2x 4x 3 on 0 x 1;ß œ ß œ ! ! Ÿ Ÿ
#

 f (x 2) 4x 4 0  x 1;w
ß œ ! œ Ê œ

 f(0 2) 3 and f(1 ) 5ß œ ! ß # œ !

 (iii) On OB, f(x y) f(x 2x) 6x 12x 1 onß œ ß œ ! "
#

 0 x 1; endpoint values have been found above;Ÿ Ÿ

 

 f (x 2x) 12x 12 0  x 1 and y 2, but ( ) is not an interior point of OBw
ß œ ! œ Ê œ œ "ß #
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24. f (x y) 6x 18x 0  6x(x 3) 0  x 0 or x 3; f (x y) 6y 6y 12 0  6(y 2)(y 1) 0x yß œ ! œ Ê ! œ Ê œ œ ß œ " ! œ Ê " ! œ
# #

  y 2 or y 1  the critical points are (0 2), (0 1), (3 2), and (3 1); f (x y) 12x 18,Ê œ ! œ Ê ß! ß ß! ß ß œ !xx

 f (x y) 12y 6, and f (x y) 0; for ( 2):  f (0 2) 18, f (0 2) 18, f (0 2) 0yy xy xx yy xyß œ " ß œ !ß! ß! œ ! ß! œ ! ß! œ

  f f f 324 0 and f 0  local  maximum of f(0 2) 20; for (0 1):  f (0 1) 18,Ê ! œ # $ Ê ß! œ ß ß œ !xx yy xx xxxy
#

 f (0 1) 18, f (0 1) 0  f f f 324 0  saddle point; for (3 2):  f (3 2) 18,yy xy xx yy xxxyß œ ß œ Ê ! œ ! $ Ê ß! ß! œ
#

 f (3 2) 18, f (3 2) 0  f f f 324 0  saddle point; for (3 1):  f (3 1) 18,yy xy xx yy xxxyß! œ ! ß! œ Ê ! œ ! $ Ê ß ß œ
#

 f (3 1) 18, f (3 1) 0  f f f 324 0 and f 0  local minimum of f(3 1) 34yy xy xx yy xxxyß œ ß œ Ê ! œ # # Ê ß œ !
#

25. f (x y) 4y 4x 0 and f (x y) 4x 4y 0  x y  x 1 x 0  x 0, 1, 1  the criticalx yß œ ! œ ß œ ! œ Ê œ Ê ! œ Ê œ ! Ê
$ $ #a b

 points are (0 0), (1 1), and ( 1 1); for ( ):  f (0 0) 12x 0, f (0 0) 12y 0,ß ß ! ß! !ß ! ß œ ! œ ß œ ! œk kxx yy0 0 0 0
# #

Ð ß Ñ Ð ß Ñ

 f (0 0) 4  f f f 16 0  saddle point; for (1 1):  f (1 1) 12, f (1 1) 12, f (1 1) 4xy xx yy xx yy xyxyß œ Ê ! œ ! $ Ê ß ß œ ! ß œ ! ß œ
#

  f f f 128 0 and f 0  local maximum of f(1 1) 2; for ( 1 1):  f ( 1 1) 12,Ê ! œ # $ Ê ß œ ! ß! ! ß! œ !xx yy xx xxxy
#

 f ( 1 1) 12, f ( 1 1) 4  f f f 128 0 and f 0  local maximum of f( 1 1) 2yy xy xx yy xxxy! ß! œ ! ! ß! œ Ê ! œ # $ Ê ! ß! œ
#

26. f (x y) 4x 4y 0 and f (x y) 4y 4x 0  x y  x x 0  x 1 x 0  x 0, 1, 1x yß œ " œ ß œ " œ Ê œ ! Ê ! " œ Ê ! œ Ê œ !
$ $ $ #a b

  the critical points are (0 0), (1 1), and ( 1 1); f (x y) 12x , f (x y) 12y , and f (x y) 4;Ê ß ß! ! ß ß œ ß œ ß œxx yy xy
# #

 for ( 0):  f (0 0) 0, f (0 0) 0, f (0 0) 4  f f f 16 0  saddle point; for (1 1):!ß ß œ ß œ ß œ Ê ! œ ! $ Ê ß!xx yy xy xx yy xy
#

 f (1 1) 12, f (1 1) 12, f (1 1) 4  f f f 128 0 and f 0  local minimum ofxx yy xy xx yy xxxyß! œ ß! œ ß! œ Ê ! œ # # Ê
#

 f( 1) 2; for ( 1 1):  f ( 1 1) 12, f ( 1 1) 12, f ( 1 1) 4  f f f 128 0 and"ß! œ ! ! ß ! ß œ ! ß œ ! ß œ Ê ! œ #xx yy xy xx yy xy
#

 f 0  local minimum of f( 1 1) 2xx # Ê ! ß œ !

27. f (x y) 0 and f (x y) 0  x 0 and y 0  the critical point is ( 0);x y
2x

x y 1 x y 1
2y

ß œ œ ß œ œ Ê œ œ Ê !ß
"

# " # "

"

a b a b

 f , f , f ; f ( ) 2, f (0 0) 2, f (0 0) 0xx yy xy xx yy xy
4x 2y 2 2x 4y 2 8xy
x y 1 x y 1 x y 1

œ œ œ !ß ! œ ! ß œ ! ß œ
" # " # #

# " # " # "a b a b a b

  f f f 4 0 and f 0  local maximum of f(0 0) 1Ê ! œ # $ Ê ß œ !xx yy xxxy
#

28. f (x y) y 0 and f (x y) x 0  x 1 and y 1  the critical point is (1 1);x y
1 1
x yß œ ! " œ ß œ ! œ Ê œ œ Ê ß

 f , f , f 1; f (1 1) 2, f (1 1) 2, f (1 1) 1  f f f 3 0 and f 2  localxx yy xy xx yy xy xx yy xx
2 2
x y xyœ œ œ ß œ ß œ ß œ Ê ! œ # # Ê

#

 minimum of f(1 1) 3ß œ

29. f (x y) y cos x 0 and f (x y) sin x 0  x n , n an integer, and y 0  the critical points arex yß œ œ ß œ œ Ê œ œ Ê1

 (n 0), n an integer (Note:  cos x and sin x cannot both be 0 for the same x, so sin x must be 0 and y 0);1ß œ

 f y sin x, f 0, f cos x; f (n 0) 0, f (n 0) 0, f (n 0) 1 if n is even and f (n 0) 1xx yy xy xx yy xy xyœ ! œ œ ß œ ß œ ß œ ß œ !1 1 1 1

 if n is odd  f f f 1 0  saddle point.Ê ! œ ! $ Êxx yy xy
#

30. f (x y) 2e  cos y 0 and f (x y) e  sin y 0  no solution since e 0 for any x and the functionsx y
2x 2x 2x

ß œ œ ß œ ! œ Ê Á

 cos y and sin y cannot equal 0 for the same y  no critical points  no extrema and no saddle pointsÊ Ê

31. (i) On OA, f(x y) f(0 y) y 4y 1 on 0 y 2;ß œ ß œ ! " Ÿ Ÿ
#

 f (0 y) 2y 4 0  y 2;w
ß œ ! œ Ê œ

 f(0 0) 1 and f( ) 3ß œ !ß # œ !

 (ii) On AB, f(x y) f(x 2) 2x 4x 3 on 0 x 1;ß œ ß œ ! ! Ÿ Ÿ
#

 f (x 2) 4x 4 0  x 1;w
ß œ ! œ Ê œ

 f(0 2) 3 and f(1 ) 5ß œ ! ß # œ !

 (iii) On OB, f(x y) f(x 2x) 6x 12x 1 onß œ ß œ ! "
#

 0 x 1; endpoint values have been found above;Ÿ Ÿ

 

 f (x 2x) 12x 12 0  x 1 and y 2, but ( ) is not an interior point of OBw
ß œ ! œ Ê œ œ "ß #
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24. f (x y) 6x 18x 0  6x(x 3) 0  x 0 or x 3; f (x y) 6y 6y 12 0  6(y 2)(y 1) 0x yß œ ! œ Ê ! œ Ê œ œ ß œ " ! œ Ê " ! œ
# #

  y 2 or y 1  the critical points are (0 2), (0 1), (3 2), and (3 1); f (x y) 12x 18,Ê œ ! œ Ê ß! ß ß! ß ß œ !xx

 f (x y) 12y 6, and f (x y) 0; for ( 2):  f (0 2) 18, f (0 2) 18, f (0 2) 0yy xy xx yy xyß œ " ß œ !ß! ß! œ ! ß! œ ! ß! œ

  f f f 324 0 and f 0  local  maximum of f(0 2) 20; for (0 1):  f (0 1) 18,Ê ! œ # $ Ê ß! œ ß ß œ !xx yy xx xxxy
#

 f (0 1) 18, f (0 1) 0  f f f 324 0  saddle point; for (3 2):  f (3 2) 18,yy xy xx yy xxxyß œ ß œ Ê ! œ ! $ Ê ß! ß! œ
#

 f (3 2) 18, f (3 2) 0  f f f 324 0  saddle point; for (3 1):  f (3 1) 18,yy xy xx yy xxxyß! œ ! ß! œ Ê ! œ ! $ Ê ß ß œ
#

 f (3 1) 18, f (3 1) 0  f f f 324 0 and f 0  local minimum of f(3 1) 34yy xy xx yy xxxyß œ ß œ Ê ! œ # # Ê ß œ !
#

25. f (x y) 4y 4x 0 and f (x y) 4x 4y 0  x y  x 1 x 0  x 0, 1, 1  the criticalx yß œ ! œ ß œ ! œ Ê œ Ê ! œ Ê œ ! Ê
$ $ #a b

 points are (0 0), (1 1), and ( 1 1); for ( ):  f (0 0) 12x 0, f (0 0) 12y 0,ß ß ! ß! !ß ! ß œ ! œ ß œ ! œk kxx yy0 0 0 0
# #

Ð ß Ñ Ð ß Ñ

 f (0 0) 4  f f f 16 0  saddle point; for (1 1):  f (1 1) 12, f (1 1) 12, f (1 1) 4xy xx yy xx yy xyxyß œ Ê ! œ ! $ Ê ß ß œ ! ß œ ! ß œ
#

  f f f 128 0 and f 0  local maximum of f(1 1) 2; for ( 1 1):  f ( 1 1) 12,Ê ! œ # $ Ê ß œ ! ß! ! ß! œ !xx yy xx xxxy
#

 f ( 1 1) 12, f ( 1 1) 4  f f f 128 0 and f 0  local maximum of f( 1 1) 2yy xy xx yy xxxy! ß! œ ! ! ß! œ Ê ! œ # $ Ê ! ß! œ
#

26. f (x y) 4x 4y 0 and f (x y) 4y 4x 0  x y  x x 0  x 1 x 0  x 0, 1, 1x yß œ " œ ß œ " œ Ê œ ! Ê ! " œ Ê ! œ Ê œ !
$ $ $ #a b

  the critical points are (0 0), (1 1), and ( 1 1); f (x y) 12x , f (x y) 12y , and f (x y) 4;Ê ß ß! ! ß ß œ ß œ ß œxx yy xy
# #

 for ( 0):  f (0 0) 0, f (0 0) 0, f (0 0) 4  f f f 16 0  saddle point; for (1 1):!ß ß œ ß œ ß œ Ê ! œ ! $ Ê ß!xx yy xy xx yy xy
#

 f (1 1) 12, f (1 1) 12, f (1 1) 4  f f f 128 0 and f 0  local minimum ofxx yy xy xx yy xxxyß! œ ß! œ ß! œ Ê ! œ # # Ê
#

 f( 1) 2; for ( 1 1):  f ( 1 1) 12, f ( 1 1) 12, f ( 1 1) 4  f f f 128 0 and"ß! œ ! ! ß ! ß œ ! ß œ ! ß œ Ê ! œ #xx yy xy xx yy xy
#

 f 0  local minimum of f( 1 1) 2xx # Ê ! ß œ !

27. f (x y) 0 and f (x y) 0  x 0 and y 0  the critical point is ( 0);x y
2x

x y 1 x y 1
2y

ß œ œ ß œ œ Ê œ œ Ê !ß
"

# " # "

"

a b a b

 f , f , f ; f ( ) 2, f (0 0) 2, f (0 0) 0xx yy xy xx yy xy
4x 2y 2 2x 4y 2 8xy
x y 1 x y 1 x y 1

œ œ œ !ß ! œ ! ß œ ! ß œ
" # " # #

# " # " # "a b a b a b

  f f f 4 0 and f 0  local maximum of f(0 0) 1Ê ! œ # $ Ê ß œ !xx yy xxxy
#

28. f (x y) y 0 and f (x y) x 0  x 1 and y 1  the critical point is (1 1);x y
1 1
x yß œ ! " œ ß œ ! œ Ê œ œ Ê ß

 f , f , f 1; f (1 1) 2, f (1 1) 2, f (1 1) 1  f f f 3 0 and f 2  localxx yy xy xx yy xy xx yy xx
2 2
x y xyœ œ œ ß œ ß œ ß œ Ê ! œ # # Ê

#

 minimum of f(1 1) 3ß œ

29. f (x y) y cos x 0 and f (x y) sin x 0  x n , n an integer, and y 0  the critical points arex yß œ œ ß œ œ Ê œ œ Ê1

 (n 0), n an integer (Note:  cos x and sin x cannot both be 0 for the same x, so sin x must be 0 and y 0);1ß œ

 f y sin x, f 0, f cos x; f (n 0) 0, f (n 0) 0, f (n 0) 1 if n is even and f (n 0) 1xx yy xy xx yy xy xyœ ! œ œ ß œ ß œ ß œ ß œ !1 1 1 1

 if n is odd  f f f 1 0  saddle point.Ê ! œ ! $ Êxx yy xy
#

30. f (x y) 2e  cos y 0 and f (x y) e  sin y 0  no solution since e 0 for any x and the functionsx y
2x 2x 2x

ß œ œ ß œ ! œ Ê Á

 cos y and sin y cannot equal 0 for the same y  no critical points  no extrema and no saddle pointsÊ Ê

31. (i) On OA, f(x y) f(0 y) y 4y 1 on 0 y 2;ß œ ß œ ! " Ÿ Ÿ
#

 f (0 y) 2y 4 0  y 2;w
ß œ ! œ Ê œ

 f(0 0) 1 and f( ) 3ß œ !ß # œ !

 (ii) On AB, f(x y) f(x 2) 2x 4x 3 on 0 x 1;ß œ ß œ ! ! Ÿ Ÿ
#

 f (x 2) 4x 4 0  x 1;w
ß œ ! œ Ê œ

 f(0 2) 3 and f(1 ) 5ß œ ! ß # œ !

 (iii) On OB, f(x y) f(x 2x) 6x 12x 1 onß œ ß œ ! "
#

 0 x 1; endpoint values have been found above;Ÿ Ÿ

 

 f (x 2x) 12x 12 0  x 1 and y 2, but ( ) is not an interior point of OBw
ß œ ! œ Ê œ œ "ß #
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24. f (x y) 6x 18x 0  6x(x 3) 0  x 0 or x 3; f (x y) 6y 6y 12 0  6(y 2)(y 1) 0x yß œ ! œ Ê ! œ Ê œ œ ß œ " ! œ Ê " ! œ
# #

  y 2 or y 1  the critical points are (0 2), (0 1), (3 2), and (3 1); f (x y) 12x 18,Ê œ ! œ Ê ß! ß ß! ß ß œ !xx

 f (x y) 12y 6, and f (x y) 0; for ( 2):  f (0 2) 18, f (0 2) 18, f (0 2) 0yy xy xx yy xyß œ " ß œ !ß! ß! œ ! ß! œ ! ß! œ

  f f f 324 0 and f 0  local  maximum of f(0 2) 20; for (0 1):  f (0 1) 18,Ê ! œ # $ Ê ß! œ ß ß œ !xx yy xx xxxy
#

 f (0 1) 18, f (0 1) 0  f f f 324 0  saddle point; for (3 2):  f (3 2) 18,yy xy xx yy xxxyß œ ß œ Ê ! œ ! $ Ê ß! ß! œ
#

 f (3 2) 18, f (3 2) 0  f f f 324 0  saddle point; for (3 1):  f (3 1) 18,yy xy xx yy xxxyß! œ ! ß! œ Ê ! œ ! $ Ê ß ß œ
#

 f (3 1) 18, f (3 1) 0  f f f 324 0 and f 0  local minimum of f(3 1) 34yy xy xx yy xxxyß œ ß œ Ê ! œ # # Ê ß œ !
#

25. f (x y) 4y 4x 0 and f (x y) 4x 4y 0  x y  x 1 x 0  x 0, 1, 1  the criticalx yß œ ! œ ß œ ! œ Ê œ Ê ! œ Ê œ ! Ê
$ $ #a b

 points are (0 0), (1 1), and ( 1 1); for ( ):  f (0 0) 12x 0, f (0 0) 12y 0,ß ß ! ß! !ß ! ß œ ! œ ß œ ! œk kxx yy0 0 0 0
# #

Ð ß Ñ Ð ß Ñ

 f (0 0) 4  f f f 16 0  saddle point; for (1 1):  f (1 1) 12, f (1 1) 12, f (1 1) 4xy xx yy xx yy xyxyß œ Ê ! œ ! $ Ê ß ß œ ! ß œ ! ß œ
#

  f f f 128 0 and f 0  local maximum of f(1 1) 2; for ( 1 1):  f ( 1 1) 12,Ê ! œ # $ Ê ß œ ! ß! ! ß! œ !xx yy xx xxxy
#

 f ( 1 1) 12, f ( 1 1) 4  f f f 128 0 and f 0  local maximum of f( 1 1) 2yy xy xx yy xxxy! ß! œ ! ! ß! œ Ê ! œ # $ Ê ! ß! œ
#

26. f (x y) 4x 4y 0 and f (x y) 4y 4x 0  x y  x x 0  x 1 x 0  x 0, 1, 1x yß œ " œ ß œ " œ Ê œ ! Ê ! " œ Ê ! œ Ê œ !
$ $ $ #a b

  the critical points are (0 0), (1 1), and ( 1 1); f (x y) 12x , f (x y) 12y , and f (x y) 4;Ê ß ß! ! ß ß œ ß œ ß œxx yy xy
# #

 for ( 0):  f (0 0) 0, f (0 0) 0, f (0 0) 4  f f f 16 0  saddle point; for (1 1):!ß ß œ ß œ ß œ Ê ! œ ! $ Ê ß!xx yy xy xx yy xy
#

 f (1 1) 12, f (1 1) 12, f (1 1) 4  f f f 128 0 and f 0  local minimum ofxx yy xy xx yy xxxyß! œ ß! œ ß! œ Ê ! œ # # Ê
#

 f( 1) 2; for ( 1 1):  f ( 1 1) 12, f ( 1 1) 12, f ( 1 1) 4  f f f 128 0 and"ß! œ ! ! ß ! ß œ ! ß œ ! ß œ Ê ! œ #xx yy xy xx yy xy
#

 f 0  local minimum of f( 1 1) 2xx # Ê ! ß œ !

27. f (x y) 0 and f (x y) 0  x 0 and y 0  the critical point is ( 0);x y
2x

x y 1 x y 1
2y

ß œ œ ß œ œ Ê œ œ Ê !ß
"

# " # "

"

a b a b

 f , f , f ; f ( ) 2, f (0 0) 2, f (0 0) 0xx yy xy xx yy xy
4x 2y 2 2x 4y 2 8xy
x y 1 x y 1 x y 1

œ œ œ !ß ! œ ! ß œ ! ß œ
" # " # #

# " # " # "a b a b a b

  f f f 4 0 and f 0  local maximum of f(0 0) 1Ê ! œ # $ Ê ß œ !xx yy xxxy
#

28. f (x y) y 0 and f (x y) x 0  x 1 and y 1  the critical point is (1 1);x y
1 1
x yß œ ! " œ ß œ ! œ Ê œ œ Ê ß

 f , f , f 1; f (1 1) 2, f (1 1) 2, f (1 1) 1  f f f 3 0 and f 2  localxx yy xy xx yy xy xx yy xx
2 2
x y xyœ œ œ ß œ ß œ ß œ Ê ! œ # # Ê

#

 minimum of f(1 1) 3ß œ

29. f (x y) y cos x 0 and f (x y) sin x 0  x n , n an integer, and y 0  the critical points arex yß œ œ ß œ œ Ê œ œ Ê1

 (n 0), n an integer (Note:  cos x and sin x cannot both be 0 for the same x, so sin x must be 0 and y 0);1ß œ

 f y sin x, f 0, f cos x; f (n 0) 0, f (n 0) 0, f (n 0) 1 if n is even and f (n 0) 1xx yy xy xx yy xy xyœ ! œ œ ß œ ß œ ß œ ß œ !1 1 1 1

 if n is odd  f f f 1 0  saddle point.Ê ! œ ! $ Êxx yy xy
#

30. f (x y) 2e  cos y 0 and f (x y) e  sin y 0  no solution since e 0 for any x and the functionsx y
2x 2x 2x

ß œ œ ß œ ! œ Ê Á

 cos y and sin y cannot equal 0 for the same y  no critical points  no extrema and no saddle pointsÊ Ê

31. (i) On OA, f(x y) f(0 y) y 4y 1 on 0 y 2;ß œ ß œ ! " Ÿ Ÿ
#

 f (0 y) 2y 4 0  y 2;w
ß œ ! œ Ê œ

 f(0 0) 1 and f( ) 3ß œ !ß # œ !

 (ii) On AB, f(x y) f(x 2) 2x 4x 3 on 0 x 1;ß œ ß œ ! ! Ÿ Ÿ
#

 f (x 2) 4x 4 0  x 1;w
ß œ ! œ Ê œ

 f(0 2) 3 and f(1 ) 5ß œ ! ß # œ !

 (iii) On OB, f(x y) f(x 2x) 6x 12x 1 onß œ ß œ ! "
#

 0 x 1; endpoint values have been found above;Ÿ Ÿ

 

 f (x 2x) 12x 12 0  x 1 and y 2, but ( ) is not an interior point of OBw
ß œ ! œ Ê œ œ "ß #
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24. f (x y) 6x 18x 0  6x(x 3) 0  x 0 or x 3; f (x y) 6y 6y 12 0  6(y 2)(y 1) 0x yß œ ! œ Ê ! œ Ê œ œ ß œ " ! œ Ê " ! œ
# #

  y 2 or y 1  the critical points are (0 2), (0 1), (3 2), and (3 1); f (x y) 12x 18,Ê œ ! œ Ê ß! ß ß! ß ß œ !xx

 f (x y) 12y 6, and f (x y) 0; for ( 2):  f (0 2) 18, f (0 2) 18, f (0 2) 0yy xy xx yy xyß œ " ß œ !ß! ß! œ ! ß! œ ! ß! œ

  f f f 324 0 and f 0  local  maximum of f(0 2) 20; for (0 1):  f (0 1) 18,Ê ! œ # $ Ê ß! œ ß ß œ !xx yy xx xxxy
#

 f (0 1) 18, f (0 1) 0  f f f 324 0  saddle point; for (3 2):  f (3 2) 18,yy xy xx yy xxxyß œ ß œ Ê ! œ ! $ Ê ß! ß! œ
#

 f (3 2) 18, f (3 2) 0  f f f 324 0  saddle point; for (3 1):  f (3 1) 18,yy xy xx yy xxxyß! œ ! ß! œ Ê ! œ ! $ Ê ß ß œ
#

 f (3 1) 18, f (3 1) 0  f f f 324 0 and f 0  local minimum of f(3 1) 34yy xy xx yy xxxyß œ ß œ Ê ! œ # # Ê ß œ !
#

25. f (x y) 4y 4x 0 and f (x y) 4x 4y 0  x y  x 1 x 0  x 0, 1, 1  the criticalx yß œ ! œ ß œ ! œ Ê œ Ê ! œ Ê œ ! Ê
$ $ #a b

 points are (0 0), (1 1), and ( 1 1); for ( ):  f (0 0) 12x 0, f (0 0) 12y 0,ß ß ! ß! !ß ! ß œ ! œ ß œ ! œk kxx yy0 0 0 0
# #

Ð ß Ñ Ð ß Ñ

 f (0 0) 4  f f f 16 0  saddle point; for (1 1):  f (1 1) 12, f (1 1) 12, f (1 1) 4xy xx yy xx yy xyxyß œ Ê ! œ ! $ Ê ß ß œ ! ß œ ! ß œ
#

  f f f 128 0 and f 0  local maximum of f(1 1) 2; for ( 1 1):  f ( 1 1) 12,Ê ! œ # $ Ê ß œ ! ß! ! ß! œ !xx yy xx xxxy
#

 f ( 1 1) 12, f ( 1 1) 4  f f f 128 0 and f 0  local maximum of f( 1 1) 2yy xy xx yy xxxy! ß! œ ! ! ß! œ Ê ! œ # $ Ê ! ß! œ
#

26. f (x y) 4x 4y 0 and f (x y) 4y 4x 0  x y  x x 0  x 1 x 0  x 0, 1, 1x yß œ " œ ß œ " œ Ê œ ! Ê ! " œ Ê ! œ Ê œ !
$ $ $ #a b

  the critical points are (0 0), (1 1), and ( 1 1); f (x y) 12x , f (x y) 12y , and f (x y) 4;Ê ß ß! ! ß ß œ ß œ ß œxx yy xy
# #

 for ( 0):  f (0 0) 0, f (0 0) 0, f (0 0) 4  f f f 16 0  saddle point; for (1 1):!ß ß œ ß œ ß œ Ê ! œ ! $ Ê ß!xx yy xy xx yy xy
#

 f (1 1) 12, f (1 1) 12, f (1 1) 4  f f f 128 0 and f 0  local minimum ofxx yy xy xx yy xxxyß! œ ß! œ ß! œ Ê ! œ # # Ê
#

 f( 1) 2; for ( 1 1):  f ( 1 1) 12, f ( 1 1) 12, f ( 1 1) 4  f f f 128 0 and"ß! œ ! ! ß ! ß œ ! ß œ ! ß œ Ê ! œ #xx yy xy xx yy xy
#

 f 0  local minimum of f( 1 1) 2xx # Ê ! ß œ !

27. f (x y) 0 and f (x y) 0  x 0 and y 0  the critical point is ( 0);x y
2x

x y 1 x y 1
2y

ß œ œ ß œ œ Ê œ œ Ê !ß
"

# " # "

"

a b a b

 f , f , f ; f ( ) 2, f (0 0) 2, f (0 0) 0xx yy xy xx yy xy
4x 2y 2 2x 4y 2 8xy
x y 1 x y 1 x y 1

œ œ œ !ß ! œ ! ß œ ! ß œ
" # " # #

# " # " # "a b a b a b

  f f f 4 0 and f 0  local maximum of f(0 0) 1Ê ! œ # $ Ê ß œ !xx yy xxxy
#

28. f (x y) y 0 and f (x y) x 0  x 1 and y 1  the critical point is (1 1);x y
1 1
x yß œ ! " œ ß œ ! œ Ê œ œ Ê ß

 f , f , f 1; f (1 1) 2, f (1 1) 2, f (1 1) 1  f f f 3 0 and f 2  localxx yy xy xx yy xy xx yy xx
2 2
x y xyœ œ œ ß œ ß œ ß œ Ê ! œ # # Ê

#

 minimum of f(1 1) 3ß œ

29. f (x y) y cos x 0 and f (x y) sin x 0  x n , n an integer, and y 0  the critical points arex yß œ œ ß œ œ Ê œ œ Ê1

 (n 0), n an integer (Note:  cos x and sin x cannot both be 0 for the same x, so sin x must be 0 and y 0);1ß œ

 f y sin x, f 0, f cos x; f (n 0) 0, f (n 0) 0, f (n 0) 1 if n is even and f (n 0) 1xx yy xy xx yy xy xyœ ! œ œ ß œ ß œ ß œ ß œ !1 1 1 1

 if n is odd  f f f 1 0  saddle point.Ê ! œ ! $ Êxx yy xy
#

30. f (x y) 2e  cos y 0 and f (x y) e  sin y 0  no solution since e 0 for any x and the functionsx y
2x 2x 2x

ß œ œ ß œ ! œ Ê Á

 cos y and sin y cannot equal 0 for the same y  no critical points  no extrema and no saddle pointsÊ Ê

31. (i) On OA, f(x y) f(0 y) y 4y 1 on 0 y 2;ß œ ß œ ! " Ÿ Ÿ
#

 f (0 y) 2y 4 0  y 2;w
ß œ ! œ Ê œ

 f(0 0) 1 and f( ) 3ß œ !ß # œ !

 (ii) On AB, f(x y) f(x 2) 2x 4x 3 on 0 x 1;ß œ ß œ ! ! Ÿ Ÿ
#

 f (x 2) 4x 4 0  x 1;w
ß œ ! œ Ê œ

 f(0 2) 3 and f(1 ) 5ß œ ! ß # œ !

 (iii) On OB, f(x y) f(x 2x) 6x 12x 1 onß œ ß œ ! "
#

 0 x 1; endpoint values have been found above;Ÿ Ÿ

 

 f (x 2x) 12x 12 0  x 1 and y 2, but ( ) is not an interior point of OBw
ß œ ! œ Ê œ œ "ß #
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problema 2.

Encuentre los extremos absolutos y clasifíquelos, 
para las siguientes funciones

a)

b)

f(x, y) = 2x2 + 4x + y2 − 4y + 1

En la región delimitada por 
que se encuentra en el primer cuadrante

x = 0, y = 2, y = 2x ,

f(x, y) = (4x− x2)cos(y)
1 ≤ x ≤ 3,

−π

4
≤ y ≤ π

4En la región delimitada por 

9



a) f(x, y) = 2x2 + 4x + y2 − 4y + 1

x = 0, y = 2, y = 2x ,

i) En OA:

f(o, y) = y2 − 4y + 1 en 0 ≤ y ≤ 2

f ′(o, y) = 2y − 4 = 0⇒ y = 2

f(0, 0) = 1 y f(0, 2) = −3

y = 2x
x = 0

y = 2

O

A B

1
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a) f(x, y) = 2x2 + 4x + y2 − 4y + 1

x = 0, y = 2, y = 2x ,

i) En OA:

f(o, y) = y2 − 4y + 1 en 0 ≤ y ≤ 2

f ′(o, y) = 2y − 4 = 0⇒ y = 2

f(0, 0) = 1 y f(0, 2) = −3

y = 2x
x = 0

y = 2

O

A B

1

ii) En AB:
f(x, 2) = 2x2 − 4x− 3

f ′(x, 2) = 4x− 4 = 0⇒ x = 1

f(0, 2) = −3 y f(1, 2) = −5

11



y = 2x
x = 0

y = 2

O

A B

1

iii) En OB:

f(x, 2x) = 6x2 − 12x + 1, en 0 ≤ x ≤ 1

f ′(x, 2x) = 12x− 12 = 0⇒ x = 1 y y = 2

Pero el punto (1,2) esta fuera de y=2x

12



y = 2x
x = 0

y = 2

O

A B

1

iii) En OB:

f(x, 2x) = 6x2 − 12x + 1, en 0 ≤ x ≤ 1

f ′(x, 2x) = 12x− 12 = 0⇒ x = 1 y y = 2

Pero el punto (1,2) esta fuera de y=2x

13



y = 2x
x = 0

y = 2

O

A B

1

iii) En OB:

f(x, 2x) = 6x2 − 12x + 1, en 0 ≤ x ≤ 1

f ′(x, 2x) = 12x− 12 = 0⇒ x = 1 y y = 2

Pero el punto (1,2) esta fuera de 
y=2x

iv) En el interior:
∂f(x, y)

∂x
= 4x− 4 = 0

∂f(x, y)
∂y

= 2y − 4 = 0

x = 1, y y = 2

(1, 2)

14



Finalmente:

1 es el máximo absoluto en (0,0)

-5 es el mínimo absoluto en (1,2)
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b) f(x, y) = (4x− x2)cos(y)

1 ≤ x ≤ 3,
−π

4
≤ y ≤ π

4

O

y =
π

4

y =
−π

4

x = 1
x = 3

A

B C

D

i) En AB:
f(1, y) = 3cos(y), en − π

4
≤ y ≤ π

4

f ′(1, y) = −3sen(y) = 0⇒ y = 0, y x = 1

f(1, 0) = 3, f(1,
−π

4
) =

3
√

2
2

, f(1,
π

4
) =

3
√

2
2
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b) f(x, y) = (4x− x2)cos(y)

1 ≤ x ≤ 3,
−π

4
≤ y ≤ π

4

O

y =
π

4

y =
−π

4

x = 1
x = 3

A

B C

D

i) En AB:
f(1, y) = 3cos(y), en − π

4
≤ y ≤ π

4

f ′(1, y) = −3sen(y) = 0⇒ y = 0, y x = 1

f(1, 0) = 3, f(1,
−π

4
) =

3
√

2
2

, f(1,
π

4
) =

3
√

2
2

ii) En BC:
f(x,

π

4
) =

√
2

2
(
4x− x2

)
, en 1 ≤ x ≤ 3

f ′(x,
π

4
) =
√

2 (2− x) = 0⇒ x = 2, y y =
π

4

f(2,
π

4
) = 2

√
2, f(1,

π

4
) =

3
√

2
2

, f(3,
π

4
) =

3
√

2
2
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b) f(x, y) = (4x− x2)cos(y)

1 ≤ x ≤ 3,
−π

4
≤ y ≤ π

4

O

y =
π

4

y =
−π

4

x = 1
x = 3

A

B C

D

iii) En CD:
f(3, y) = 3cos(y), en

−π

4
≤ y ≤ π

4

f ′(3, y) = −3sen(y) = 0⇒ y = 0, x = 3

f ′(3, 0) = 3, f(3,
−π

4
) =

3
√

2
2

, f(3,
π

4
) =

3
√

2
2
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b) f(x, y) = (4x− x2)cos(y)

1 ≤ x ≤ 3,
−π

4
≤ y ≤ π

4

O

y =
π

4

y =
−π

4

x = 1
x = 3

A

B C

D

i) En CD:

iv) En DA:

f(3, y) = 3cos(y), en
−π

4
≤ y ≤ π

4

f ′(3, y) = −3sen(y) = 0⇒ y = 0, x = 3

f ′(3, 0) = 3, f(3,
−π

4
) =

3
√

2
2

, f(3,
π

4
) =

3
√

2
2

v) En el interior:

Ejercicio.
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Ejercicio 2.

Encuentre las constantes a y b, 
satisfaciendo a<b, tal que:

∫ b

a

(
24− 2x− x2

)
dx

alcance su valor máximo

(r) a=-6, b=4
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